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fbe papar? L-, davotod to ai-».tlrtical Joels 1 on ,.s*Gbl<r«> tn • 
valrirtc a finite ny^btr of* st&ir 3 of tslx rts, in™ 

<ttc".ticsw, cr*3 Ic^lncl aotioraj . vrrtco, e-.i—l & h crit^rio« 

for tbo ©pcseific jfctcr. of t bo opliwal O&c/es} etretapy 
for suefe « .<roi>2«a Is proposed. Usor. netfrate *,ro prtmntaeL 
for «x£$stes tbo sensitivity of this strategy to wrUtto?© 
in p*r jtot9*o of tbo probiaks ubich influents? tlw criterion 
aetrijc Il*w*Erl*r cas? wfedcSi as** sublet to linecrr coast r into. 
V*i«B cct&v.tlon tccAunl^MK bss*.* on t£» von Ijcunem- 



'ea^saet era tbeasy of utility uaiuu a Joctsictt udccr's c-ioiccn 
essrenc lottu_*ica oiri toebni^uas nreowntsd lr/ Cburotscen ct c&. 
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la j&sti&sm hSMHasfe <*s»ir/*i to 



illustrate tfcrt tbe oaturw cf uK$ rccislcari often jjjo- 
elated viitb valuer ©siiaetfis la « oeli tbr.i e ncitivity cckOjbIs 
of the Boat. JoBcri bod can be to d^Uonclno 1? ibo 



cotiufttae cv-ilvblo in 11 Given situation sr» oJocjat* to 



circle out one strategy css being cgtisuCL. 

<K©itivity analysis is also *0 ►lionet to infosw&L 
esmlyeis in tbnt it as*) ue ajoJ to o: oclly ib& vj.1u. 50 of 
perw^oters .or uhiol* pt.riict£ar otn te*ico &rs qpfclrxl «b#n 
ttMWMP p»vs*wt-«s» influence tbs criterion matrix ii nearly, 
fb&e j^jroaeh is useful in ••ctu'Kij.i;*. if 51% rociso fj?rawl.*>^;c 
of os» or >nor« of* tJse probability distribution* twbAl in 



t-nf i raS&en is for ms larjsiii^oous c^oci- 

fie*t %m cif an o^ttlsa&X strategy* 

^■ccial srstljohi of s»neitivity eati^ats for varieties?# 
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eeaoitirlty m^oia for varifitiom in »<rror 1 ;v sxRwtcKi, 
Eonerol mtbodte «ro ^s’osatjfcod for iwoot luting a c«r;a,; sot 
iofinod ’:<y lino r constraints . Inelnlasi *r» not bcce for rc- 
vo aline iacomisimioies ia tbe aystera of eorcrirointa, ttjdua- 
<Sarwy of i:x&vi4t»l constraints , «aj3 sB^^tjthfcca c>f ti» oat 
as well as a Ctscwzlhm of ti» c, oeLfleotion of e ««t of pointj 
\hJLcl~} ia soffictont to define tt*» convex set. 
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Chapter 1 

Stoafc i J&drtfcUfial 'J$£j£j*3a H&asz 

In the pest (locfiikt interest in statistical decision 
theory b»3 grown snong statisticians and others i*t«r*et«l in 
the quantification of decision p robia js in such varied fields 
m military tactics, oc on cries, and mdieine. In a rough « ay 
v© can describe the statistical decision prbbloa ns the pre- 
blcR of deciding what to do on tbs basis of incan;l®t® evidence. 
In non-* t atisticsl decision situations whore our •widen®* is 
ccsxplete , w*« cars simply select th® action which leads to the 
n,oat desirable of the attainable outcomes, hut in statistical 
decision situations our inability to obs*rv« the world perfectly 
prevents us frees predicting with certainty tfc« out cose which 
will result from our actions. Thus we must cons! ’or the values 
of all possible nutcases and tb® probability of achieving occh 
outeme when we select a perticul r action. The . .nobler .s with 
which the theory cf statistical decisions deals are notable 
principally In that the notions of “v Xue" and " rob •bllity” 
of an out cm® can be suitably quantified. 

The statistical prcblms associated with the theory (pri- 
marily the estimation of prop rtiee of rob- bill ty distribu- 
tions) have been studied intensively ami . roiltably although 
many unsolved problems regain, however efforts to quantify 
the concept of a “good** or **brd M act have been less reductive. 
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chiefly boMuse cf difficulties Inherent in the intarcible 
and subjective entities called ^values,* ‘'utilities," os* 

* coo to.* 4 In etjvirotr.onts where only cna objective measure of 
value (e.g. a«anqy) is relevant, it is scesetkeoa possible to 
quantify precisely. However precise qusntificctiewe are ell 
but nctMHdletant In environments where mere tiwnn one ne&curo 
of value Is relevant or whore subjective values r.ust be 
considered. 

The most c arson applications of the theory to date in 
nedieino have been to pro bless of classifying patients os 
belonging in one or another diagnostic category on the basin 
of various toot results. At least am reason for the heavy 
concentration of applications in this particular crea is that 
an act of classification can be regarded as "correct" or 
"erroneous.* i-Ith ouch a dichotomy the problem: of quantifying 
the effiaecy of on act beccese® trivial (see exe&ple 4 in 
Chapter 4), and. the classification scheme can be based on 
firstly established statistical principles. 

Flagle and iechet (1963) have presented a case for the 
quantitative consideration of public health j-Tetelais in which 
a staple dichotcc^y is patently inadequate and have ms-do the 
point that even an imprecise quantification of the "goodness" 
or "badness* of acta will scRetiraes be adequate for the pur- 
pose of specifying a "best” decision. The purpose of this 
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paper is the development of saethade to doteivine if the quan- 
tification raedc in e specific problem ie precise enough to 
single out om decision rule as being best or to provide in- 
foraatien about those rules vdiieh could conceivably bo best 
with!* the fr a m e w or k of the available qu^rdlficciticn . This 
will b© dent* through the device of analysing the sensitivity 
of an cytisial solution of a statistical decision preblosa to 
variations in certain parsrcstcrs cf tbo prefeloa. 

**e Rake no pretense of solving ell such problems for 
certain reecrie+Ltos h&vo been made on the class of probiewe 
considered, the first of which is c mf ininc our attention to 
"finite B statistical decision theory. '■'•ur iseaediate goal is 
to outline this theory briefly and to present a solution pro- 
cedure yielding results in a fora amenable to & posterior 
analysis of tbs sensitivity cf the solution to variations in 
certain parameters of the problem. 

1. r of ini tic: g? * Vo will describe & finite statistical 
decision profclaa in terras of severs basic ccc^iorsor.to, “states 
of nature* ** B e^.>erteerjtai indications, 1 *' * terminal actions , ” 
a “weighting function,* a "conditional probability distribu- 
tion , * a "prior probability distribution,® and w o trstoglaa." 

The first cacnonorrt is the set of a finite nusfter 

of "states of nature’* which we assume to be mutually exclusive 
and e»haiM»tive in the sense that one end only one of &j, .... 



* 
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The states of nature are presumed to 



G n , .... § n eon occur, 
incorporate those aspects of the outside world which arc rele- 
vant to the problem at tend. The example to be used hero con- 
cerns a decision to be made in the course of treating leprosy 
patients and was presented by Flsgl© arid Lachat (1963). In it 
the only relevant fact about the outside world is whether or 
not a patient with manifest symptoms of leprosy is contagious. 
Thus wo hare two states of nature, being the state of a 
contagious patient and being the state of a nencontagious 
patient. 

The second component of the problem is tbs set of *’ experi- 
mental indications ” of the state of nature which we will denote 
by (xj 3 or x^, .... x^, . .., xj. M with states of nature, 
the indications arc assumed to be finite in number and to bo 
mutually exclusive civd exhaustive. In cur example the diag- 
nostic "experiment" Involves the microscopic e?xv-inaticn of 
smears and can produce either a positive (contagious) indica- 
tion, X£, or a negative Indication, 

The third component 1® the set of 8 tewdtnal actions'’ 
which we will denote by or a^, a^, .... ®j. Again 

these actions are aesueod to bo finite in number end to be 
mutually exclusive and exhaustive . In particular the set will 
often include a ‘'null act" which ia to cay ttet nothing la done 
in response to the experimental results. In cur example throe 
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actions er« considered. The first, &%, is to fcaeplieltai the 
patient, the second, c&, is to treat tba patient as an out-* 
patient, and th© third, a^» * s to discharge the patient with- 
out further treatment . 



Tb# fourth component of the problem 13 © '’weighting 
function'’ which in & finite problen can ho presented ns a 
“Iocs natrix" or "utility rntris'’ depending upon one's view- 



point, r c trt.ll adopt tba teruinoieer of lessee because w© 
have in ttied th® application of this theory to public health 
problems wl »re the very existence of diso^so represents a 
costly departure frer; the nara. V*© denote the lens matrix fcy 
L, It is o J x H matrix (i.o. 4 rows and N coiums ) , arid tha 
entry in row 1 and ccCLusn n i^ n is token to be o <:ucntltctiva 
ropresentatfcwi of the less sufforod when action is taken 
in the presence of state of mtur® 6 Tl . For future reference 
we designate the n-th column of L iy which is a J-lirsenoioml 
colirm vector ccntainino tho loseea aseodatad with state of 
nature © n , to defer a discussion of the method© of obtaining 
th® less matrix to the next chapter and ©imply take the fol- 
iating Iocs matrix as given for cur axaetpl®. 

States of Jfetune 



1.0 

1.2 



-2 

1*0 \ 

.4 



/ctioro 



a l 

®2 

«3 



3.0 
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The fifth cco percent is a "conditional probability distri- 
bution" which in the finite problem can bo presented es an 
K x I matrix F where the ni-th oleer.ent of P is * 

Prob(x, | ft ) , that is the probability that the experiment viH 

X ** 

yield indication au when ft n is tho true state of nature. Being 
probabilities thus elements of P are non-negative, ana to for- 
malise the statement that given the state cf nature cn® of tho 
indications must be produced by the experiment we write 

r^lj * 1 for n * i, ...» n 

where ij is an X-dimensional column vector each element of 
which is unity and is tho n-th row of P. Here we intro- 
duce the convention of denoting row vectors by the transpose 
symbol. In our example we will take as our conditional pro- 
bability the distribution the following matrix. 

Indication# 

*1 *2 

ft . .8 .2 

States of Sature 

ft 2 \ . i.O j 

The sixth basic component of tha problem is a "prior 
distribution 1 ’ which can be presented hero &» an ^-dimensional 
row vector Q* tho n-th element of which gives tho prior 
(’’prior" to the conduct of the experiment) probability tint 
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ft Is the true state of nature. ' cell #l«sat>t of C; * is non- 

n 

negative and 3 ! ig « 1 sine® ono state of nature must obtain. 
In cur example v© will tilts &r tfee prior dlctribrrticn tlie 
following vector. 



etfetOS of JJfiVUTO 

H *z 

{•% . 9 ) 

Instead of a prior distribution aw states of nature rnd 
a distribution ever e;«p©ri3ontol Indications conditional on tba 
true state of nature, a prdalos Kay bo encountered in which it 
is jr>ors convenient to obtain a distribution over e^.erfcaantei 
indications and a ’’jMssteidor 1 * distribution over tbo states of 
nature, i.e. a distribution which represent*! tbo probabilities 
that © Q (n ** 1, ...,«) is the true state of nature given that 
indication (i * 1, .... I) was observed. This alteration 
preeewfcs no parti eelar difficulties end a modification of the 
solution technique suitable to this situation will be presented. 

Tbo seventh end last basic eoKponent of the problem is 
the set of strategies, la general statistical decision theory 
both "pure 1 * and VLtt&i” strategies arc considered, but here wo 
consider only tbo i’orsor and dispense with the adjective 
*puro. w Dy {s^} or Cj, »j., .. . , s R we denote tbo set 
of strategies, each of which is a rule stating the tsminal 



action to bo taken when each indication is observed. Fonaally 
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a strategy Is ft ^ny-to-one* n&ppivc £r*m the sat {x^} to 
the sot (a 4 ] r.rxi can b® ryw»'wW by an X x. J "strategy 

J 

natrix* Sj^ In wliicli the entries Ivsve the following pro- 
pertiets. 



X, 



2 . 

3. 



s^j » 1 rs©ar» "If is cfeeerved take a^.” 

s t3 * ® K®smo "if i© atoeenred do not taka e^. M 

«, > * 1, l.e. tbare 1c but © single on© In each re*/ 
a *3 



Of ? 



k* 



In scsse cases It is nor© convanient to represent by an 
I-tuple, the i-th ©Xcnorst of which is the 3 for which 

a 1 ^ *\* 

A# m ilXmtratlcR wo m^r consider a (Strategy (lot «c 
call it s^) in car eoasspl® having the following strategy 
matrix, 

Act lorn 

a l a 2 *3 

5L I 0 1 0 \ 

In Jier felons I 1 

x> \ 0 0 i I 



In wonts this strategy Is to treat as an outpatient t\ patient 
for whew a positive indication is obtained and to discharge a 
patient for whoa & negative Indication is obtained. There ere 
nine possible strategies fas* our example as shewn by the pairs 
below. 
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(1. 


i) 
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(2. 


i) 
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(3, 


l) 


s 2* 


a. 


2) 


S 5 J 


( 2 , 
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3 3 : 


O. 


2) 
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a. 


3) 


s 6‘ 


< 2 , 


3) 
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(3, 


3) 



In gemrsl the noab«r of strategies will be given 

K * (J) 1 

since each of the elements of the X -tuple can take cry one of 
J vaX xics . Because the miebcr of etmteglee is quit® largo 
even in smell probiess , it is incumbent upon us to arrange 
oia* calculations in as efficient a »ty as possible. his new 
turn to the formulation of e calculation procedure. 

II* ''octod jg Hatton : If wo decide to use e particular 
strategy having tha tutrix r.nd if 6 r is the true state of 
nature, are can constrict an I -dimensional column vector f kn* 
the i-th elewent of which gleets us the loss incurred if 
is observed. «e obtain \n V 

T " SL L 

kn k n 

W« not® for future reference that if we augment on the 
right of etc. we fc*» sn I x K matrix which can be 
written as 



V X2 f*P _ 

i: Vi kl> 



**£» * * 1 
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2n our arable tbe vector is given by 



*61 



0 i 0 
0 0 1 



\ 


\ 


1.0 




1.2 




3.0 / 




©nd tbs nairlst T Is given by 

6 



? 6 



0 10 
0 0 1 



\ 



1.0 1.0 \ 
1.2 .4 

3.0 .5 



© 



, 3.0 



.4 
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F«rt!wsmcr« If we toe ts^ the expected loss conditional on 
0^ being the t ms state of oatcro la given by 



y, « ?*£, « F*\ I 

kn a fcn n k n 



end •*<£ can caU-oct the y for ell n into an K-di®ensioml 

i sr. 

column vector In cor eaa&ple we have 



* 2 ) 



y 6 * 




1,56 



To vkicvE ins iha unCvniitional" e:.. sctsd lees of the L-*b 
strategy use the prior die trillion Q’ and compute 



T:( \ ) “ 



In our ccaanple we have 



*<s 6 ) * (.1 .9) 



i.56 

.5 



.606 



Tho qntinal or ''Beyae* strategy is Jeflnad to bo that 
strategy for which the ea^octod 3,or.s is nlninised. Foroslly 
•n optir.*l stratify 8 q ia a strategy such that 



S(s ) ® Kin T(e ) 

o k k 



Had w» chosen to work with utilities instead of loose®, the 
oj>tiB?d etewtagy would be the oiks that nuudioiseo expected 
utility, 4s noted previously the choice of approach is crbi~ 
trary. Hi® ateteoents In the remainder cf this chapter will 
remain valid if us replace by "Fax 9 throughout, 

n alternate statement of the cpfcb&al strategy Ray be 
developed as folic**. Let us da fine / to bo a equere matrix 
having the elenmts of the prior distribution arranged /.long 
its principal diagonal (i.o. yppar left to lawer right) while 
ell ©ffnilegonal elements ere aaro. a Rsy then pvrfcea tb® 
aatrix sultiplicetlorw 
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Upon taking tbs trace of tbs resulting: matrix wo find tb&t 

K*S 

t * XI Vim e *’% K *<%> 

rs^i 

iV»r*ior* we can & pacify tfce optical strategy cy its strategy 
matrix J 0 where 

tr(lte 9 Ju) «* Kin t 

0 k K 

ifo* thecresa at £ tine, r Tho trace cf the product of mtrioe® is 
invariant toiler a cyclical permutstlovi of tlx? mtotea*,* is 
proved in Ortiybili (l?6l) en page ?, ami with it we can restate 
tbs eritaidon for the optimal strategy matrix as 

tr{~y./?) « Kjtn t ) 

which stg'geet® the following ccayutaticroai procedure for 
determining the optimal strategy in a finite statistical deci- 
sion theory psrablere. 

x. Confute tbs J x I "criterion 0 matrix, C ~ L/?. 



* -> 



The t jci J-lh ;\>J 



* T*> ^ H **\ 

W u 4 ^< 4 f 




tt«S 




2. circle c. 



« £<in 
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lot* e&Cf. CUiMKl OX' V. 



3. Construct the transpose of the optimal strategy matrix 

by pl&eir>g ones In the ceils of a J si «atri* that 
o 



correspond to fbo circled elements cf C cod placing acres 



in the other ceXls cf this matrix. 



4. She »lttij«wj expected er *B&yo s*’ loos is then given by 



tr(S o :) 

where “* 0 la obtained by trainee ing; toe matrix of step 3. 
Xn case oases the Beyer loco stay bo eospuied more readily 
by noting the value of at ib© foot ef each column in 
the coarse of step 0 end then euentae ever all i. 



The matrix .3 obtained by this procedure is tfc® optimal 

o 

strategy matrix because when we multiply the i-tb r« of r» Q 
and th® i-tb column of C, we “pick cut” the B&nlfcwn element 
of that arilupw and enter it on the principal dicgcnel (row 1 
east cclmn i) of the aatrlx 3_C„ therefore when the tr«.cs 

C? 

operation owns the diagonal el ©Kents cf this matrix, it pro- 
tssr 

duces *> c^. Any taetrix, difforert froa Q would net 

i*l 
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'’pick o«£ s tho rrlninm ©Xcrawsfc &£ one c r koto c slums cf C 
and comequerjtXy * trt^C) for ell k * i, ...» K. 

If for Sosa colinn 1 of C, Is not unique tfcare will be 
alternative opt&Ml strctsjjias. 

As an illustration of tbc procedure let us Canute t4» 
optical strategy for the eossesples of this chapter. 



1 . Canute tho criterion rn.trlx. 
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Circle « Ilia for 1 « 1,2. 




3. Construct C* 0 . 




tfnleb Is 



0 1 




4. The jsinlKrtfs aspect *d loss is 
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Tho particular example u* hcv& used is also an illustra- 
tion of a phenomenon that can bo used to reduce computations in 



sot,© problem©. FWturnifig to the loco matrix v© not© that 
action r --j B dcciinates ! * action Co in the sons© that t!» less in- 
curred 1 tj taking «2 than the loss incurred if as^ were 



taken for every state of nurture. Thus we can conclude that it 
will never be reasonable to use a^. In general we can sty that 
given p.j and , such that - 1^ , n for n * 1, .... t« 
dominates c, end a^ f may bo discarded. 

'46 tans new to consider the alteration* in cur method which 
will be required when we have a distribution over tho indications 
and e posterior distribution ever the states of nature. not© 
first that the S si matrix flP gives the joint probability dis- 
tribution of {x,} and (6 n | , i.o. the eleroont in the n-th 
row and i-th column of this matrix is Prob In tfco 

previous caso tho joint probability wan given by 



Prob < 9 , x, ) « Prob (x,|© ) Prob (© ) 

jd 4* 4 W ** 

whilo in this one© tho joint probability is given by 



Prob ** Prob (& n l^) Prob (x^) 

Therefore to obtain the matrix; of the joint distribution v«e 
perform tit© matrix m&tipllcGtion Q/ where not? Q is an N x I 
matrix the n-th elesaent of which is Prob (0^|x^) and f ia a 
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diagonal matrix hcviac the distribution .'.rob (n^) on its 
principal diagonal. 

Thu® to cop© with this altssm'be fern cf oust infcrtitticn 
or. th® probaWLli t lea , vo need! only d t«r stop i of the trace- 
duro to read, ’’Cesapui® th® J x I matrix 0 * LZf,* The rmain~ 
ire st®ps con bo carried cut os beSors. 

,r c note that in this east© 

n k 

c » Y- I’p ob(x* ) * iVofcKx^) ]T l^¥ob(9 Jjkj) 

** n*i n 



The selection of for ettoh column of C will be ire5o’.>crricnt cf 
FrcbCx ) , Therefore if ear pappose is only to detensin® S 0 » vks 
nsa y use I& cs car saairlx C. However to us® the procedure to 
detersino tl!« winisBUR selected loss, wo rust use LZf. 

This dlccusoion by no near® cover© the whole of strtistl- 
cal Icelsico theory. Hewover it fulfills our noo3 for ft c.m~ 
pact o\T33&ris&tion of the data that will bo relevant to our 
sensitivity amlyals. For a c^neral discussion of statistical 
decision theory we refer to Faiffs and chleifer (19&) wh© clso 
offer other solution t®ehni<i«®s which sscy b® better adopted to 
9ped£lo preplans than tbe awsthod presented hare, Gfeemeff ersi 
Kosea (1959) present a core elomeniery erpositioo cf the theory 
mvi describe a graphical solution procedure for tbe ease 2C«2 
which baa greet intuitive appeal because it expo®®® scrao of the 
iapertftnt relations ament; various haapewsnts of the prchlaa. 






Icicle uos 



At the cutout wo note that either tbo testa f, vaXo©* with its 
connotation of desirability cr "cost*’ with its connotation of 
undos irability aay be used, ‘-’o will employ tb© fencer in the 
general disease! on to oanfom to the usage of the authors wbcco 
ideas wo discuss and tbs latter in car examples to emphasis© 
the intcrclisngoobility of the toniinclogy. 

In this chanter we trill discuss only a few of the twch- 
niquoo which have been suggested for tlte quantitative deter- 
miration of values. -Inco tbo efficacy cf ery ferrselly con- 
sistent technique is determined by the ecwlromcnt in which it 
is to be applied, the inclusion of particular technique* here 
does not imply that they are intrinsically bettor than saw 
other technique. All cf the techniques discussed hero contain 
a subjective element cf preference because they are based on 
choices between alternatives stale by en individual cr group. 

In son# cases (usually those in which only acne t ary considcra- 
tionc are relevant) accounting procedures can , rovtde ell 
requisite value infestation, end techniques such as those dis- 
cussed here mod net be employed. 

Cur primary purpose in discussing techniques is to show 
that they generate value estimates in a fens suggest!^ tbo 



durability of ft certain typo cl sensitivity analysis. ' faelber 
cr not another technique will yield estlnate® in & sioilisr fcr- 
sust am only bo detenrJlned by o^r.ininy that techjnique. 

At proeeri & ccrssideratil# or^wtcnt flourishes eanosraine; 
tbs phAlac optical fcmiu tiers of value theory, ho&e stand c/ost 
b® takers on the question cf what la “value* or n ca>t* else no 
presentation cf estisiaticai techniques is passible, Tm discus- 
sion here is based primarily on the ideas of C, V. Churetes&n 
end 8, L, Ackoff (1957) and (1965), although It purposely will 
rcsscain va^uo concerning fMXoecpb&cal questions . 13 m point to 

ba enphaaiaed is not segment car dlsagreeKwmt with these per- 
ticuLar cone ants of value, but is whether cr not the concepts 
end techniques ue adopt will, lead to a act of value eotiaatioao 
vbich can be surriarized Ccnaally in a way that seskes item 
assenable to sensitivity eiralysis by the sasthods to be proposed 
in subsequent chapter®, 

1. Safijr&t-icsffl. i As a point of departure we asst me that we ace 
interested in the value structure associated with an individual 
or groep called the ** decision *&ker,* that we asm cirsaariae the 
desires and opprehensions of the decision jaeWer with record to 
the prdblm. at hand In «. list of "objectives, * and furthermore 
that these objectives e&dt to quantification. 

Thus in the leprosy example the decision maker nay be the 
individual or comcittoe with the impossibility for public 



A.hdsirt rftlcn In n "ir cr t.’ -lr objectives 

rcl**! 1 *"? to «rj Individual pr-ticnt rljrht bo: 

1. ?S.nteise the neeber of rrs» infections arieirc frost a 
erni*vrieus intUvidual. 

2. ' rinj the dicers# urr’er 0c.nt.rc2. in the petiert. 

3. tlnJRis* the tiro® the 4 * -ti^r.t is required to be awry 
fives Lin yrodocttv* labors for trait tnent . 

4* HIkSjMUmi the eenttary coat of lr e *1»d*t in order to 
fro® funic for attacks on other public health yrofelcns. 

In such reel situations the ider.tl (Xmti-.cn of the desielan 
cs&kerr? and the speelflcatlcK of objectives are : ore art then 
science and can bs difficult tasks. Earring this in r.,ind we 
i/111 siaply state formally that the decision raker bee ?t 
objectives 0^, ,. 4 ,C^, Seeb objective is attainable 

in varying degree. This degree of attainment will be called* 
foUc&dng Churtdtsnn «t el. ( 1957 ), the "areas uro of efficiency 
for 0 " and is fteeeured es a reel number s^. Three special 
Case® are of Interact in that they dictate tbs treat out cf 
the problem. 

1. Osutan®,* quantitative ob 3 «ti«= for which M V ) 

- z^* Itax (%) where usually J2n(^)«9 and sercetifaes 
liax(s^) can be arbitrarily large. In the exssaple above 
the third objective would be of this t ype. /or corivenienee 
wo denote this cot fcy °i,.« «♦*%£* 



'iicv^y ev-xtlt live bj ctlvx ■ for •* ’ h '.Zf/.z . ) 

*t mt‘ hnmU? * -uCs^^-O «c that r te «*C, 1, Z, 
:Cf^\ »nd o- *15jr e-s c,m be ..rhitm'ily 

Ir-rje. Jn ib ■ ucrsyla above the first objective would be 
of this tyjo. r e Corot a thin tut <*£ objective* L j +i , 

*•* C; 2- 

3. 'iUGlitfctive efajfxtivao for «hiofc SUnCs^) or ikuCc^) 
yhoro taroally rir.(c )«5 cicnifios tJ»t tha objective in net 

fulfilled whil* l»s>s:(* )-~l cictd.fi s t» at it is. The second 

is 

objective above would be of this tw>e, '> denote this set 

°iVi’ * * ’ * °H* 

4v 

v -b assuwti tiust the list of objectives is rich ©rwutfh eo 



that wo my describe ail that Is relevant abort tic cdtccM of 
mi • at ion in th© praaenee of by an 5~ttt>ie 

r,.»). The act of rurt'Hslly exclusive and esrfUvuetive outcrnies , 
3, is the oat of H-tuoIes obtained by all owing sack ft to tali® 
on ail ponnible values. '*© assume that at saw tSwe following 
the application of a in the presence of S , it is xooaibio to 

J *'* 

del amine specific v&iuos for tl>o M Biers -res ct efficiency. 



tint these results aro sufficient to riot wins the value or 
cost of this particular eu- lies lion of a 4 under ft , u*d that 
if two otrtccsje® can be Ascribed by the eon® -tuple they t,ro 



equivalent in tb© ratrvd of the decision saber roc- vdl e r ~ of 
wh&t other factors adLfcht b© usri to different!* i® the®. 'Jero 



I* »• 


















we have nrdo a distinction between "outecne* and "objective'* 
which is not usual although it will be useful in the remainder 
of this chapter. The definitions of the two concer ts ere cir- 
cular in that we may define an out con© ao the h~ tuple that 
give© specific measures of efficiency relative to the objec- 
tives, or we »ay dofino the objectives as being constructs 
such that their measures cf efficiency are necooaaxy end 
sufficient to differentiate are ong outccr-os . 

The entry 1. in the loss matrix is defined as a “measure 

jn 

of effectiveness" of under 3^. Therefore in very general 
tanas we can conceive of thin entry as a function of the action, 
the state of natvro, the values of the outcomes, and the proba- 
bilities of the various cutccsics . Symbolically uo say, 

1 4 * f(u{2), F(2), a $ ) 

jn 3 n 

whore u(S) is a value function defined on the set 2, and 1<’(2) 
is a joint cunulativo distribution function giving tiis proba- 
bility of an observed outecree having efficiencies relative to 
various objectives less than or equal to the efficiencies 
specified in tfa© given H-tuple, i.c,, F<2^)» Prob(* 1 %j^,..., 

****Hfc>* 

la %&&. JtsS&ssL st Imm. 

Because the statement above Is too unwieldy for practical uso, 
we generally make a series of sii^plifying eostrvtions . The 
first is that end § n need not bo considered explicitly since 
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everything ef Inter -st about then 3557 be ir/corpcrctod in t fee 



distribution function, ’’ith this ctr. rdificntion w« ary fr&te* 







where F. (2) is the distribution function for given (a,, 0 .) . 
jn x> u 

I5»r;r*iaioc a. implies that the decision »©ker ia not 

3 

attracted to any fccticn on grounds other then its perfoiwarsca 



relative to tt» stated objective® , If tbs list of objectives 
is tnccraplete such an ascimftlon ?asy fail. For emaple had we 
not considered the nonets' in- oo^t of trewteent in our objective© 
for tbs leprosy preblca wo could conceivably decide on a strategy 
which is optissal for tbs .first three efojecbivos hut which is 
prohibitively expensive , 

Incorporating © n in tba ilctributicr. function essizaeo that 
the value of an cut corse that can occur ureter any rsenber of a 
sot of states of natur© is not altered by a specification of 
tho particular naaber uniox* vrhicb it did occur. 2** smrv ptete- 
IM ******* la ^ oti.ro tho .ot 

is ©or® restricted because some objectives are ciisply not 
relevant under certain state® of nature; this inf enaction con 
bs Irxjorporated in the distribution function. In the leprosy 
problem tho Rininioation of now infections Is clearly not a 



relevant objective when dealing with © tson-ooMacieea patient. 
This can be signified in the distribution function by as3ignir£ 
cere probability to ©32 cutceews which specify that a new 



infection appears under the state of nature ecrro£W..fin6 to 
a non-oonv«c»oas patient* 

Ttie second simplification which is g^awrally rado irr/clveo 
the ascur.tion that the value and joint crrt/elaiiv® dbrtribution 
reactions are isatepaadeat {i,e. the valus of an outeoao It not 
InH-ooncod by its probability of MCiamce on' vice versa), 
sad tie assumption that a aatfcCRstlcol expoetuticc is tbo appro- 
priate sneaaurs of effcctiveneee. Tho» ue say writes 

1« M * £<«<2> »*••>> * f »<Z)dF <2) 

jn *J ' - 



whore the expectation aeration is to ho inter rated as inte- 
gration for continuous variables &ni emmalXm for discrete 
ones. The uso of c asttwmfttleel expectation will foil if the 
value function assigns an Infinite value or cost to ary possible 
outccne, i.e. one that occurs with non-aoro probability. 

la order to obtain & tractable *tet«a®nt of 1 . we usually 
attempt to j&dto eAclitiowel «4«plifylnc assumptions if they soec 
plausible for the prchlca at band. With regard to tbs valuo 
function «© often essuao that the vnlua of m oatece® is the 
sin of the values of its exponents » i.e. 

ia*f! 






tWLs asstsvtion holds orly if there is no interectien among tho 
objectives in the sense that the value of a specific iseasero of 




weaes us*®* of offieiency relative to cicusv objectives vllch r»y 
bo realised siui&taneously. T er ewsrple vo cca_3 . rcbaftly 
accept tiie s^pocltiofi that tbs cest of haring a ltyrauitoun 



tho duration of that patient's absence * rt» ids Job. -yth 

4* U-b nr rv«t* «> v*4* <AiA A»r« * a 1 *-<• 



In tho cone vein anoUxn* n&jnpX if leotlcn i» often ssad* based 
on the sssw^-tiou that n c tv,} is j roj-crtionol to z , 1,©. %(s^5 
**%i*ffi '• r *’ ier ® Hat a c potent "unit value," With this assump- 
tion v« can writ© tho ototesent for tho loco table entry es 



With regard to the Joint euBmlsitvs distribution function, 

v« can sasetlnes essuo© that the ne«-iur«~ of efficiency arc ln- 

de;#rsJ««t random variables. In this c-ae ve define an "efficiency 

function,* £ (c ) for each (a .& ,0 ) triplet. 

Jm is J n * 

I. r or continuous quantitative objectives {& *- 
^ is continuous and f^ m (s a ) is a probability 'e,>ity 
faction. 






2. tor discrete quantitative objectives (a * M *1,». M^) t 

a la tiiccroto and f , (s ) is a rrrhsMiity distribution. 

» jna « 

3» r-or qualitative objectives (r« » '* 0 wo ucu-oly 

tike a to be 0 or 1 and f ( 1 )«f as the probtMlity of 
8 jrra 

aefciwlix; the objective 0 . 
bith this notation wo my write 




Coupling this aeeuRptioti to the aroeedin^ on© eiap2i£teo caspu- 
titles*# because the mthawtlMl (aspect* tions eUare arc taker, 
error univariate marginal <Ht8tribatt«e& rather than orer tho 
jsvdtivariat© joint diotribatioR. 



212, iawt to 9fatfffefear, tos. tos&s £s&&&* **<» if 



cry arts arc 'X»arcr in ruX-nj tb*r> the ert of sclrctlr.; tbo 
proper value cstiastiar. tochr&cuo for a particular -roDlaa, 
but at least ve can cay that the aacaapti .me "beat the fora 
of the vnl«# function inherent in a technique rust fee ecccrpt- 



able in tho •wrircnRent in which tba iechni "a? is to be used. 



In this ~ction w« £ir*t eawsider set bode • ’hieh arc c,.pilicjsblc 
if the value function is a o\n, -nd then o®ncid-r * taethed whleh 
do oa net require that the value fcrctian bo a sun. 

Before const Jerirr specific ttcsthedc net' th t in appli- 



cations wo will attcryt to irtputo value *K»9Bsr»‘S l either Iron a 
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decision ranker * a past activities or frees Lis res 4 <«ri3 in 
hypothetical decision situation® . The rasult* ir, the first 
case rsay fall to truly represent the decision tanker’s value 
structure In the envirowsent utore the solution is to bo used 
because bis past decisions stay have been male in an environ- 
ment where to had available less information about tto impli- 
cailewt of his sets than he will h&va at the conclusion of 
the study, tiniXarly his answers In Sypotfectical decision 
situations my bo distorted by the lack tf an iitrtodiata avid 
real rssporaibility to act in such simulated environments. 

In either case the fact that we may be dubious of the derived 
values is on* reason for m interest in sensitivity analysis 
since it will seesetiaoe porss&t ub to say her; far ’’raal" values 
can vary free, estimated values before a strategy based on esti- 
mator! vc lues ceases to be opt teal. 

Ill k, Cbtainins toes 'Matrix -ntrics Hfeara the Value funetlcn 
is a Jrn: Her® the procedures of Ckurcbsan ot el, (1957) are 
applicable. In Churchmen «t ol. (1957) and tills section the 
eMranptic? n is made that u(G, 

III k 1, Determining value functions when only qualitative 
objectives are present « In addition to tb® iwsvaeptlcas above, 
the procedure esswss that F4n(s^} s *0, I'axCs^)* 3 !, and iy° \^(1) 

&0, In this case is the only point needed for tho value 
function of e » to will outline a procedure suitable for rela- 
tively few objectives (say K lees then 8), referring to Churchman 
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0t si. ( 1957 ) fee* eft fit lots which la noro ouitcblo for a 

larger woaber, 

a. Use deed sicn maker rsrfcs the cfo^octtvoc in order of 

importance. ?’« 1st 0. denote the moat end 0„ denote the 

l .1 

least important objectives . 

b. the decision tsahesr tentatively aceiens 1.0C to mid 

™ nbCT in ttis 0 to 1 to u 2 ’fc reflating to 

rough estimate of their importance relative to that of 0^» 

c. Wn Caspar* 0 with 0 +...-0 (where * ■" donotee tho 

1 2 K 

logical connective ^cnd"). 

(ci) If the decision M«kcr rooi-ondb that G„ is less 

1 

iupcrtant than 0g‘-.,.-+0^, ve record ^< 1 ^...^ and 
adjust (if nccessaiy) the tentative estimates do thefe 
they satisfy this Imogusllty, Then we repasst tho pro- 
cedure for 0^ versus O^. ..<(1^, ^..,+0,^, etc, 
until c response of tbs fora (cil) or (edii) is 
obtained, 

(cii) If the decision Maker r*fipce*te that 0^ and 
0 ^^. ,.Om are equally important, 10 record vtj « o> 

** ** <*» w 

+... u and adjust (if necessary) the tentative esti- 
mates so that they satisfy this equation. Then uc to 
to step d, 

(ciii) If the decision anker responds that 0^ do koto 
iaiportsnt then we record ^ «,» Uj and 



adjust (if seoacseay) thg t^rtctivo estict? too so tfcat 

they s-.tiftfy this inoepafllty. Sben wo go to etop d, 

d. . •ecf'aro Og with 0^ * . . , 0^ prvfl— i^nwc ®s in step c, 

then eaepar® 0 with 0 n./O etc. until the oaebparieofs 
3 4 *i 

of 0 with 0,^ 0 H is COTpletod, 

o. c may then nons«&ix« tbs I'saultinc cotton tos (l.o. 

m 

rsqwkr* ZH, “ i) in easier to express relative values* or 
in sco.© coses «® Key choc cc to act ** 1 (er 100) mid erpreos 
the other ©otteates m IVactions (or j^raoniafess) of u^. 

H\ c^lication of this technique to tbe specification of 
tbs relative i»r;<>rfcanc* of sis types of 'defects which could 
appear in lota of a phairacoutioal prvduct is reported by 
• tilleon (193*0 * A board ceapeeedt of nine ran van presented 
with a series of questions of the sort, °Is a typo # o } defect 
r%OTQ lrrx>rtant than, loos ipportawt than, or equally important 
as type *b* end 'c 1 defects tahon topotbc'r? ,, In each case a 
vote was taken, t ho do-cision of the majority was « coopt al, and 
tbs tentative values assigned to tto defects wore adjusted to 
bring these Into accord with rJl of tho campesiaeoss made , Letttoi g 
Uj through represent the iaportcnca of tbs six typo® off defects, 
wo can condense tbo results given by "tillsaa (193*0 into the 
twelve relations below. 









' 



■ 






4 J 

u 









411 • < 






' . 



1. 


v% 


, ^ > \5 


?. 


vs * % 


10. 


^ <u 4 


' *6 


2. 


Vb 


5- 4 >o 


3. 


SS " V a 5 


11. 


v* *4 




3» 


* >U 


6 . x i < u m 


9* 


u > u ■:• u 


12. 


u * u 


* *4, 




3 4 


125 


2 3 5 




4 5 


6 



*•'« not© thnt this Hot earn b© eondewed further ty dLncardinc 
inOQiaeltttae which are Sailed by other relations, o.n» 5 Slid 
7 kzply 1, 

7b© decision was saada to act » 100 carl to ©stress the other 

costs as percentage# of u . A set ci’ rranbors satis lytnc these 

1 

iroqueliUee end equalities is (100, 30, 43, 37, 24, 13). 

living followed this procedure vo have a sot of rashers that 
can bo used in the rf«t«W5imtion of an optisal strategy, A roe- 
3 enable question to ask In such & situation to whether or not 
the cane strategy would bo optimal for cars© other set of nmfoev*. 
In particular, cine© the (given set resulted frees a series of 
nanipulstians to msfca it fit into the systsn of linear equations 
and inequalities, we Right ask if the o*«e otreiecy would be 
e0*M& for cry (u^, ., , , i^) satisfying the oyster.. 

IH A 2. Dctensinirc the value functions when only saantitative 
objectives are present i 

«, Its© first doc is 1 : 20 , to b© ned© is tb® selection of a value 
scale. Ghurchaan at si. (1957) propose the fcHcwini, Vhen 
s if oro Roonured or. tlxs soao cede use this an the va»*oo 

seal© wMcfc involves ti» assumption that rcr B ** 1 » 



* . , ,‘i* otherwise fcrsnsfom s* , . . » into a Ccumoo seel© which 



(in ©rlor to lesson tb© ©ffocts of erru.n in ti."> t*,v af-^y- 
t4on i r-^osn on the final solution) is tsfcam to bo the socle 
of efficiency, say s., , of the 'boot important'* objective which 
aeamas that u,(c« )“», . o will follow this course fcn this 
section, but we not® that j cdblMaa svsy bo onoowntor^l in which 
wo will wish to hovo &s cur valise i cole on® different than any 
scale rvoilable otang our seccrraroc of efficient:/. fbt» nay be 

a wot tor of eonr/enienecr or t&ay bo because m have no z for 

n 

which we are willing to mm? true i^(s 

As an earaple we rny cons t ie r an inventory yrchloa. having 
a® objectives the ^Inirdsatierj of the evsr«o« number of Stcan 
carried in inventory aean irsd in ‘‘itane ,i«r week" ar*S the ri.ni*« 
wisation of tbo rr-nber of shortage® (i.a. lost sales rose Itirsg 
fren am ®ah»wtion of stocks) per weak, w* aouXd construct a 
function that converts itens in inventory pr week to miAar 
of sboefcagaa per week cr vice versa, os* assign a dollar coot 
to tha oarrjtnpj of one it*s in invanteay for a *c>ek and to a 
shortage so that the canon scale is dollar® j<er ^eek. 

Having ©elected o. as the sse^sure cf efficient to serve 
aa oar value scale, we jaay jara^ara lt-1 grafts bartnc, a,, on 
the ordinate and s„, , on the varic** abscissa#* For each 

«S *3 

of those graphs we mot Uatemlna corre*,<wleix«e between • 
sufficient ranker of points on tbo abscises. &:>.? points m He 
ordinate ta plot a curve representing ♦ 



b. "'a s? ^ttcsfcpt tc inverts* U'®n e ' enrrcrj* m ienoer bp at 
eacrsinstion of past decisions j? by anfcinc tho d«ctot<*5 >-Mr 
quentiGrr of the type, *l’.ov leorsy -unit-’ ratoti vo to 0 arc .«* 

Swnorfcant to rau e* ano trdt relative to C ?*’ to v«c to such. 

sa 

quest tone for various vclusws a£ z end for » « 2». >?3_3LX 

n 

fix points on each graph to which & cur**! rc .xv vo “ting i^(t5 Q ) 
twgr be fitted, & ceeaoo pro-axhiro to crave fitting Is to 
eeeuae that the cnr.ro Is rcpra^rrtotle hgr a pelinaaaljsl 




r 
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and to estimate tho .rolvnerto 1 bp i®*>t In this con- 
nection m naif* that iiaylioo ** C for all » 

end if u (s) la prcfortioml to e> , 2 ® 1. 

n n 

As an es*»plo of the nert of qpaestXcxsa i'.s&t ows «arlno 
fcHcwing; tho uco of this procedure, *.«? reppoee that u© osti- 
r.atc that r^(s,.) « ,&j 2 . fhets w® <i£hi i;ak, ft :iov f«r con tho 
unit value, u,.,. , v*ry on either aid© of .6 * nd still huv# tho 
qpitosl strategy obtained for * ,6 rr in <..tt f XT* In 
addition wo rsep -./set to knew what ether ctr *teglQS becenss 
opttoal as shifts swap frep .iSS In either Ilraetion. 
c. In establishing tbs oorrGcpondonoes we apy resort to a 
Hankins attacks, especially if t!.e dectoion nator finis n«wri-» 
cal roepo-naos difficult . ■ or each grx*pk «e »s«y select & pair 

ajl $ ^ 

of values (s, , s ) earl esh, /.re units relative to 0- nore 

X *3 x X 



• '5 • / 



isporfcsni ifcsn, lose iapor i*»t than, or epielXy iwportanl as 

* 

z units relative? to 0 ? n If the emwor is "xior®,* va repeat 
st js 

tbs question with s, leas than b^, and If “less" v© repeat 

*♦ * 

it with greater than si t . '>'0 mpsst the procedure until 

# 

the range between the numbers and a 
la sufficiently mall, end possibly duplicate the procedure 

feat* other point© alone: the axis. --’0 could then fit a poly- 

» 

nasid, u^C*^) , to the lower sseobers of the peirs of points 

■** 

obtained and a polymsisl, a (a ) , to the upper iswbees* 

S3 

30 ffc# 

In mbs sense and (a^) “bracket" i^(e^) . We 

will take an the definition of ''bracket* tho etc t w e et that 

s$ 

nry which is bracketed by *^(2^) and ^ (s^) satisfies 

the relations? 

(n) (n) ( n \ (n) (n) 

"“<* %>• u n <V )4 Hi <*«> 6 **\ V* H> «V> > 



•* 



which bracket 



for Tin («s ) 6 » 6 tfcac (b ) end n « 0, 1, 2,... 
whore , ^ Q ^(^ I ) is tbs n~th derivative of the function 
and for a polyncxslal is given by; 



(„\ »»sl n _ 

V €%> * 5 Z_ where ( 3 ) **s ( u ~i ) , . » ( s ~n+l ) 

** 0K^5 



Given «n objective for which our infesaatlcn is of this 



typo, a subject for analysis is whether or not there is a 
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imi*.|W5 'r-tir.'l strategy for • r y ^(s^) LrrcVrfc -1 by IN* ylvon 
functions, Ja jert our billt/ to < v’uct such ->n nalyvis 
by tie :» thols of sybae^xsarrt cb.v, t*rs •'111 on cnxr ability 

to rejlcc* the relations definite ’‘breefcottnt * by %■ oyrto. of 
linear constraints on the w. tiers of the volua function. 

In the case of a t-clyn^l&l function this can bo by e-'ns- 
Inins the vs rictus derivrtivoa fnxa the hi^haet or ?cr to the 
lo:.v,3t, t each stay replacing th* general rzletXrm by e * j 
equLvclent cat ct line r c- easts* int» n the coefficients of 
the pclyncetial. 

(i) Thus u© start aith the S^-th (c? ?-tb for simplicity) 
derivative 

^h^.} « ( .{)^3 

and require 



(s) (t;) (r) 

**“ ( v V- v <vn 6 v 1 ( v> 4 ^vV' Si <V> 



foi- r*in(s ) * a, * ubich la <jvpd.v*lcnt tot 

El ** 



mts 






!ln \>* 6 V 6 V > 5 

* . ** 

For exasapl® we Eight obtain 



(ii) « rmt ey.c- inn the (l-l)-th derivative. 
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4 S “ 1)( *W> a ( < 3 - 1) 1 ) % M * U0 V s a 

and rec air 3 that) 



(s-i) <S-i) (.^ 1 ) (d-l) (-5-1) 

::in < *£ <V- C<v> > 4 % <s> <v>- C‘V) 



for r±n (s^) * ^ Kax (s^) which Is equivalent to: 



* $ *J t ** 

r:ln ^ *~i 4 * N*%s>V f?-i +3 %* %> * Hb s-i 4S H*s ~ *■*•••> 



for ~ln(a n ) 6 ^ ltax(s- M >. 

The precise typo of linear constraints which vill replace 
this general statement of course depends on the nature of 
the pr ©blurt. will give two oxaiaples. 

(1) Consider tho graph on tSte 
right. In this case ua can 
onociiy the desired relation 
by the two restrictions, 

(a) 




*• 



** 



S. s-t +s S» "^V 4 Si S-l + “ S*3 ,a »<V - Si 3-l* S So •*»«%»> 



and if TAnC^) 23 0 this reduces to 

Ha S-l “ Hu S-l 6 Hn 5-ii 
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'•e net* tfcst iafccn icc«tbsrr those two ccmtmiMtft 2np3y 
tho constraint used to .«wwq>li£y (t). 

(2) tSsw consider tho eccrxirt graph 
or tho right. la thl* ees® v® cm 
specify tbs desired r«I*t2on by: 

(a) ?ts* constraint of (2)(a) 

(b) The constraint of (i) 

(ill) Hast v« loci: at the (2-25-th derivative stx3 find a 
cot of linear cc-rrstrnints that together with the ccrctrsintc 
already developed will insure that, 

p«2) i£-2) <r-t> J -2) ft-2) 

Via ( ^ (**>. H. <H,> ) - % (Si 5 * *■ < % «V>. Hi <*> ) 



(S-l) 







for 3«Ci^) * 6 

(iv) the procera in regasetedi successively for oil deriva- 
tive* said the function itself, building a chain of linear 
constraints which will specify tb© type of variation which 
is yostiisoiblo in the ceefflclMits «wvl tho relations which 
»mt bold arsonp thora. 
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For a »cm concrete iHiralr&ti ~n of the procedure :<© m*?- 
pcco that in the invented axcsapla noted earlier wo «aMh» to 
tako tb© iMeeore of efficiency relative to the objective of 
nsir.i2iic.inc ererage Iw/ctnioey (0^) «.» the value scale. **Tfcb 
regard to 0 (ain^icing neafear of shortages) ve ti«c4d* that 

far 

:tia(cp) » 0 and !tast{cg) « 5* tie aek a series* cf questions 
like, "Is the eurr/irq, of b ifccaw in imontoiy for a nontfc 
store costly then, lese costly than, or ss costly as lixiurrlng 
one shortage in a ssonik?", and j wx*uce aerrorsl pcira of joints 
■which we us« to fit two cobles. 

u’ £*„) - «g <• («,)* - .Ka ,) 3 

for 0 - s, 4 5 
£ 

gtgt * 5 l 

u 2 (S 2 ) « b 2 * 2<fi 2 r ~ *2(sur 

These two tMgu&t Ions bracket the valve function 

2 3 

3 *qq * ^(Sg) * UggCsg) •* u^Cs^r 

To coiwtraet a systera of linear constraints winch will s'^octfy 
this bracketing relation, wo first look at the third deriva- 
tive «ed find that 

D) <3) (3) (3) D) 

a ( (%>), u., <Sp) ") «-,{&->) * Xk ( %(«*), % (s*) ) 



for l*l|* 5 ii eqdvsleKt to: 



3 ? 



{i i — »2 “ Ur-/J —.1 

SbEKinIjic the second derivative v* find that two linear con- 
straints ore equivalent to: 

. * ** 9 *<* 

,’±n ( «b (%>» ^ <**»> ) ~ tb (a 2 ) * Mmc ( u-j (so), % (so) ) for 0 6 6 5 

they arc: (2) 1 ~ Ubo - 2 (setting *b - 0) 

(3) iw* ► to * o (sottitxj So » to/3) 

"xasinlTK: the first derivative >© find that, 

5Hn ( tij (s^) , lij (Sg) ) ^ it, 6 ^e» ( Ug(^), Ug (s^) ) * 02 * 0 6 » 2 ^ 5 

Is equivalent to (1), (2)* O) and the foUowinr equation : 

(4) ti « i (settini; % * 0) 

Ifcsee&niag the function itself we find that, 

Mb ( u, <&*)» «b (a,>) ) * ! %(%) - Smc (vM’s-.l, »■> (s->) ) for 6*iL*| 

Is equivalent to (1) theourh (4) end, 

(5) u,, rt *“ 0 (set tine «b 85 0) 

iyV Arf 

’* not'® tO-at (2) ami (3) tapSy (1). 'flfterafew ’ -e c n e^ resa the 
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fact that i 4,(*0 and (sO brocket a»(e 0 > fcgr the systes of 

<£ ad «j c tZ tZ 

linear conotrainte i 
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d, Mother dtemetive for eeicblittiiag thes *orrws>x^enca6 
io soggseted ‘37 Qmrototam et el. ( 1957 ) end involve® applica- 
tion of the technique disclose!! in auction III k l to & set of 



reugbly cc saperaMk* *•£.-» t®s of efficiency' {2^ .... ,z,,} , 

for ifeo t-th a^Ttdsm&ont wo nep select scsse value of » 1 , 
#»y , end for n °» 2* . • « ,M veiisc® susfc tfcct wo cue; act 

that « (v.) 6 *,* * ""a «®j&sr the tecwr&it* to this sot of 

El Eft ** 

numbers to d-oteeatue righto (w which can be used 

it I3t 

to establish points on «X1 craphs. If la step e. of the pro- 
cedure w® eet v • i MpPMtlMK 0 ♦ * 1 icr u * 2*.,.,r. 

£« fractions of tise ,‘dnt on tl» orUnxto of the (n~t)»t 
Graph coffreo^yriij^j to is w^a . . 

T such ep^sissKente wlii establish I points on ©»cb graph 



wslcb wa saagr «*« to plot a curve representing; Thews 

curves in turn can be wsod In v-ateratnl?^ «n o^-tiacl strategy. 
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In such cases a question similar to t ho cm? that *rc sc® in 
section III A i oay ba of interest . inc® tho w^'s produced 
by the weighting procedures res •alt froa aanipuls t ions to r.wka 



tbaes satisfy systems of linear constraints, wo Key reasonably 

ask If there Is a unique optimal strategy' for all w ’s which 

HZ 

satisfy the cysteine of linear constraints. 

Certainly the {.*'-1 ) value functions will vary as the ’s 
vary within tlia convex sot defined by the oysters of linear Con- 
straints, and in the case csf general fenctiera the manner in 
which th© w^’s specify the parameters of the valise functions 
is not obvious. However wo note for future reference that If 

wo «s»loy the convention «r < «1 and ua© polynomials fitted by 

It 

least squares 83 our value functions , the coefficients of these 

polynomials will bo linear functions of the u *s. -o will 

»t 

Illustrate tills for a quadratic. 

Pc hmrs made T appraiseiaeni© and have det ©rained the 

weights (l,*? 2i .... ,« Mi ) . Or, the graph of 

z versus z. wo here T points (z ,w • s . ) for t « 1 T. 

n x n't x£v 

':© refer to Crcyhill ( 19 cl) for a general discussion of least 
squares fitting of polynomials, and word;:' not® hero that if 



we assiwe. 




♦ u _ 

rsZ 



2 



a 

u 



the coeffidanta of the quadratic fitted by least squares arc 
tho s cl ut torso of th© systm of ecuaticKis s 



* «# 



' 








bO 




of tho first 2x2 matrix above. 



'5s note that tbo M^tdrewerast » l for « « 2, . ,K is 



not absolute, *-e try to <4*k values 



such that 



-It 



in order to insure that the convex cot defined by tbs linear 



constraints on (w„ , 

2t 



is closed. 



This point will bo 



discussed in detail in Chapter 3* 



III A 3, Detominifig value fund loss when both qualitative 
and quantitative objective© ere presents In this case «e racy 
use the procedures of section XU .« 2 to dtoisra&ne ^(e^) for 
the quantitative objectives (sa * 2 , , . ♦ ,21,} end the prosetfur* 

<S+t 

®eE£ost«d fcy Churohsww ot el. ( 1957 ) to dcrtonslm for tho 
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qualitative d>j«ctivo3 (as « 1 , , . . ,K) » This |>ooceduro Con- 

sists Of * 

a. Aeleci a subset of q»juntit*tlv9 objectives, «sy 0 

% <T * li z ). 

b. for cash G r , 0^ pair (a » Sjg i l,.,.,M} t ** 1, . .. ,T) esfe 
a question 14k© , "Haw mmqt units of achisvaaont relative to 

0 are os isKjortont cs the ©tteiisMMt of 0 t° The mr 

t ■ at 

specifies & number, s^, cn the seal®. 

c. For each G^Os « KL*4 , * . • ,J1) iw tl» win© functions (a^, ) 
for t « £,.«»,? to trees fora fcho T results of atop b into tto 
otsndsrJ value seals* 

Wo suejr toko one cf the results of step c or cease combina- 
tion of tberi oxt representing In addition wo cay be inter- 
ested in viewing the alnlnm and Ksadraun of the results of 
step c as representing lower and upper bennfis on 0 end in 
questioning tha uniqueness of en optical strategy for cry set 
sstisfVinc those restrictions. Of course if 

tin r*«s« between the laesctavan. «ni uilniEm for easse u In 

a 

excessive, we saey question the consistency of the decision 
Ksk©r*« responses . 

to alternative to step b is to ett-cs-.pt to bracket the 
which is equivalent to tha sttsirsaenl of 0 with questions like, 

E 

"Is the attaiment of unite relative to 0^ isoro iqpeartaat 
than, lose important than, or ©q sally important as the ettrimont 
of G^T* Too bracketinn edWH can be transferase! 



«* 

/ V— - •* 







in star,., e, and we nsjr ttiso ec lower end t$vper bounds on u { 

S& 

I s % <*to> * Hj 4 *°\ <*ta> 

Then we etsleet « sot («,, +i , ea&isfying the o>:^trointn 

*»2 * 

and uso It to determine an optimal strategy# or we tsay 6tt««r>t 
to detoswtna if there io a unique) orjttesl strategy for any sot 
which eotief5.ee the constraints, 

211 A &. Ifcrtersdnlng tbo Xoee matrix entries for a eiven value 
functions In tils section w» present oily one of tiro several 
methods which Mf be wed awl refer to Cburefeon ct el, (2 95?) 
for a discussion of the others. 

e. i3otoir.ininc the relevant probability distributions : ’<*o will 
not attempt to cover even the simplest aspects of the eatimtloe 
of probability dietributione, but will asewae that by review of 
historical data or by suitable experiments, wo can record tho 
oiitcctr.oc which resulted in mny applications of under 8^ for 
i *» 1, . . . ,d and a * I,...,!!, 'e note that in practice gut 
inability to observe an adecpnats mas&ar ©f outecaiee for each 

(a .,0_) pair r&&y be a K^jor hindrance its the way of deieiKininr 

3 n 

the loss matrix precisely, 

(1) Under tlx* exemption that the .Joint probability dis- 
tribution Is net factorable, we compute %fc® relative 
frequency of occurrence of each iS-ttfsl* (Z^) 'Aon & A is 
applied under 8 q, and fafeo this as out eatinate of dF^ (Z^.) 
for each f-tuple. 



(11) 'hvier tba a#nsz*ptlcn tb*t tb» joint probability dis- 
tribution is factorable, u® Canute tb® relative frequ®w5y 
of occurrence of ©&«b value of s^(w»l , . , . ,*') when la 
applied under 6 R , end take ibis sa our ooifcmte of f., m (r^) 

for each va2.ua of % , 

'T* 

Tbo use of o&olrical fciotoniraras r®quira» tbst u# divide the b 

K 

seel® for continuous (.yuantitstiv© objectives into class inter- 
vals , each interval being ng-w-i®* ©s e volts® ©ssxraad ty the 
R-eaour® of efficiency for © discrete quantitative objective, 
b, Detesrtinirig the iseaouro of ®f faotiversca® j .*» first trans- 
fer* cl! of the Koasures of efficiency observed in tlis data of 
a. to the standard scsl® by using the value functions ^(a^) . 
(i) If the joint jsrcbebili^ distribution is not faeterable 
us cc®s'ute ths value of <?seb obs«rv«I outostso as: 

a-*:-! 

°<V 2: v <v»> 

«FI 

and then eercyuto the loss matrix entry (Majuro of effective 
ness) by 

L* 

where dF (: % ) 1® from *{1) above, 

(11) If the joint probability «iS«tributl®n i« fwctoi %£&e, 
uo eccspufce for each objective 

* { V <1 V ) 1 *i- s n> ■ X %<v Vs.) 



if.'.ri'Q is frees fe(il) above, ©yd then *isr these 

truckers to obtain 





* <w >*j'V 



III B. (fetftining iocs Vjxtvix ntrics •■'hen tine Valeo Function 
is not a fins 



HI S I* Detsnainlrsg the value functions hsn the vain* of an 
otitcosa cannot be expmrssed as tire etia of value functions on tho 
»I steasnras of efficiency which define the o«tcme, «• Knot resort 
to *ethods for est&*atln& « value fwjction ever a. set of nutv»12y 
exclusive events* The awrtuolly exclusive event* to which we 
apply mieh Methods vlll be? either the outcomes or the events 
p *^ is adopts in the presence of @ n * n In the letter ossa «» 
would be estimating the loss ses-tris ar.trlee directly, infer- 
nally evaluating tin® ifte&iestlons of adopting under 
Thao® wothois are equally cftfCLiaablo uhen tho value? function 
is a sues, but the neibode discussed in sect lot XXI A usually 



are to be preform! in that eeso. 

In this section m will disease only tbs? ssost popular 
method for **tSaaatXng & vslw function over a sot of Mutually 
exclusive ©vents. It Is based on tbs von HeursaraK organs tern 
tbeosy «f utility, and its philoaojMcal basis cad practica- 



bility have been tho subjects of nary iis<l«trl«3 ( 20 c e,g, 
Clasrebaen &9&L) or uwe aid f-eiffa (195?)). The nis-as attached 



*, ♦* 

*>*5 



to . <1 ’ y- ristiod on tfca uciho d ^re legion; we will edl it 
the *ist nienl gastblo” end will present only one veraWn which 
can be described an followo letting denote the ovstccws 
n «« « y end ^ ^ dosiote t( 2 ^ , * * * * ^ ** 
r io rank tbo owtcoww and let 1 * Uv-W) * bex u(X^) and 
0 518 u(S^) * rin u(S^). tba sp ad float ion of the v*xira» end 
j aidtaua entails no Ions of generality bacs.xwo tt Is only 
necosssry to have the loss eetrix (and oowe yjontly tbo valve 
function) unique up to a poeltivs linear trawe f Croatian (see 
oeweploe 1 end 3 of chapter 4; . 

For each ether cot cate, 2 we consider e series of hypo- 
thetical gmblisg situations in which the decision u-'hor trust 



efeoooc between the occxjrrcnee of ^ for sure mnd & gamble for 

which outcooe 2 T will occur with probability p* end cuteon* 2^ 

win occur with probability (i~r^)» for ooob such .situation 

the decision swker aust choose between tbo eel w* u(2 } for euro 

t 

and the o.xpeetsd raise. 



(1 - i> t ) «tfj> 4. uCd^) * a - P*>(0) 4- p^Ci) * P t 

of a g stable, Xf be eboesw© S if® irsetste that u(2^) is greeter 
then p * Xf lie chooses the fawblc wo input© tb*ct tt(2^) I# less 
than p , Xf ht is trJiffercmt a© to bio choice *c t.puite that 
u(2^) » p^, ’fe vary tbo prcbsbilitr, p^, ’.wed fren trial to 

trial in order to conclude* t&ls series with two nuaberu end 

♦e 

sixsh that. 
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0 * * u(z t ) * t.£* ~ 1 



Of course if p^ « p^ v* will have determined a(^) precisely* 
;"e not® thct «m Important ooeneplion of this nsbhoi is that 



tbs decision .nelfcer is neither ettr»eted or repelled by *b© 



proepect of gambling in itself. 

If there c.ro a finite aceiwr, T, of outcaces we will con- 

♦ ♦♦ 

elude this pToceduro with tbo results u(Z^)*«0, p^ 6 u(2|) £ p^ 
for t ** 2,. ... T-i, and u{"^)«i. To obi«l»& a loss mtrix wo 

4$ 

nay taka as a{^) sows cusber such as (1/2) (p^ •» } e*tisiyir«~ 

tbo given constraints for t * 2,...,T~i, liowwor, ve mgr also 
want to determine if there is a unique optlnal strategy fear 
city sot satisfying th« constraints. 

If sen© » used to define the ©tftcsaee is continuous, 

155 . 

tbo standard gessblo cannot be used for all 2^, Either w© m a rt 
divide tbs st, scale into alsaws Intervals each of which is re- 

•tot* 

garded ao a discrete veins In order to obtain results like 



those of the preceding paragraph or we eust select a suitable 



finite subset of outecree (which includes 2^ and 
tbo standard g«®ble prceedore to these cctcones. 



« apply 
and then fit 



a function or faneiiewi to these results in order to be able 



to find tbo vale© of any outcome. 

The latter procedar® mgr be desirable ©vea when all 



taeeaure® of efficiency ere discrete if the irasber of outeones 
is so large as to neks impractical the »j • i .-licction of tbs standard 
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*7 



caafeic procedure to avary etitcvno. If itr* .. root- 1 u.ro is ’'-sod 
«o »ijrht again taka a ^Xynoslel to bo tho value function, 
luch s polynomial would ho of the fern; 

jr ta*tt i#*?* 



a (.") • o > Z. % t 4 * 

J »« 1 



w*t i"I 



%i 



Hr *'< 

r; — 



If tin polyr^tsCL is a cubic or of fcigbey order end Jt Is greet or 
titers tvro or three , the fitting of ouch c. function will involve* 

© large miaber cf caapntfctiefts, Kewawsr pracurcirt, It is oc - 



* 



rut^ti orally feasible, wo could fit rnt polyncaslftl, u (") , v irr, 

* 



tb« value? obtained in the sdsnlors gtnbl* arittfirtlof* end 
another, vs {«), using hie velvet, I%nk»« two snsltiv rscA* 

polynomials »ay ba vlfved $& bracketing. u( -’ ) vifcore "br»ck«rti£c* 
is defined os in section III A 2c for univariate fractions tret 



in teres of sll mortis! derivatives. In s naimar analagsae 
to that described for t®iv?riate oolyngnialt, we cor. racr.cc 
the bracketin' definition to a system cf linear cordrclnts 
on tho cocffidsnts of the pakyocBjjftl . " 'c ssay os serso pcly- 

rsmiel satisfying the*® constraint « to dbtain the loan nnirirc 

or vao nay eboemo to ask .1? tharo Is a unique c-iirasl cr-lutien 

a •« 

for 8 tsy polynomial value function bracket »I by u ( 2 ) asd u C }. 
XII B 2 , S*t«Kainins the loess mtrix entries for % Iren 
V'luo function: The dtmeiwsicm of section ’.EE A 4 a on tbs 



d«tc.v»li^>tisa of the relevant probability distribution is 
applicable her®. He* vine ©bt'inad tha v*lm* fc-sctlsr. awE 



probability distribution* wo oou^ute the loos natrix erntry 
(r aeasuro of effectiveness) as s 

lj D ’ F « <*t> in < v 

*4 

I1T C 3. application of tbs standard gaseblo directly to ti« 
Ic^a seatrisji the application of the a t w wU rfl gamble directly 
to the (a^,3^) pairs proceeds in essentially the wanner 
described in section III 8 1. For XKft&tiaml corvenionce ue 
lot » 1 represent * lastly) end 1^ 28 0 represent IUnd^) 
<% then use attentions involving cm the one hand 1^ for atcro 
and on the other band a gamble with tbs expectation 

** * p jn ; Hi * Vfa X JI5 “ 

for each we find two nusbors, p^ a and p^, such that 

0 6 6 l^ n 6 6 i for i ** i , * . . , J end n * i , 

-® tssy take as our loss matrix entries socks nrnbare which 

satisfy tb* constraints above? for «a«xpl© im could 1st 

. * ** 

1^ * (l/fcXp^ ♦ p^) for j anti a « i,» 

Bceravea* wo taoy s&ao wish to ask if ti»rs is a strategy for tbs 
statistical, decision problem which .Is eptlatel for every lose 
r.atrix containing elsKonts that satisfy the corastr* into gonor- 
ated by the standard gm!& 1© procedure* 



: jrasgg 
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IV . / t 3st*s;'tlong or ensitivity Analysis r^thed* : In 

chapters 3 end 4 we win present Bcthods for analysing the 
sensitivity of ike cytiml strategy in s finite statistical 
decision theory yrobleu* Tfco r.etlioda ere iesigood to handle 
parameters that enter the criterion sssirlx ilmurly and era 



subset tc linear constraints . That is the mtheds re 



suit ' 4Le for panssseter* such that 

1, The criierica ssotrix can he (€%>r*»vQ& 



C W C 4- 

o 



r.'<I 







C 



» 



where is **s arbitrary JxX wstris for a » 0,1, ... ,H 

2. AH restrictions cn ©nd relatione asaeng the paras® tore 
can bo ©grossed by a eyoto* cf linear constraints 

*1 o ♦ b? «, 0 

aJ b * Sg * 0 

o 

where U* * (u^, ♦ , . ,x^,} is the vector cf per motors, 
and * 2 ^^) ere oecJTIcimt net-rices, e.rd B^(JbdL) and 
(Pxl ) are vectors cf constants, Use mtatiem ^ iw&m that 
both strict and owilmry inequalities my be present, 

3, >ben H Is greeter than 1 we also assume that tt^a convex 
set define by the syantcss of linear constraints is bounded. 
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l.o. set can be amlesed by an fcyparsjhere of finite 
ns&lm. This ss*a caption will be discuss ad in Chafer 3» 
CorditioR l «afr arise in ® variety of wear*, In this soo- 
tier; end the <wa*apXsc of Chapters 3 ted 4 we will ecRSlder 
oases in which the condition oe tains «s a result of the fact 
that the loss matrix can bo ©agrees® d 



that ie ty setting C «* 5 >jtl(» * 0,1,.., ,2”*) wo deduce erudition 

♦** Itt 

i. frees the condition that the loss ssetria b© exprseoahle aa 
a Ximer functi on of the Ji paitmmt&rn rndcr co ^iteration . In 
Chapter 5 we will aeneldar bow ccndlt ion I . staff aria* in a eon- 
text otter than the study of parnicrter* entering th» 3o33 natrisc, 
2? 3, Icvisw of ’Seine Setlsi&tien Methods: l*o estej^lUJsr tbo 
nawter in which the above condition® nay arise, wo will review 
tbe aethosfis discussed in this chapter showing hew the question© 
succ®»tad earlier arc equivalent to questions about tte sen- 
sitivity of the ©pttsssl solution to para m e ters satis f/ing those 
conditistis* 




where V* " *•* 

nay write 



f.) is an arbitmy SrS matrix. Iters m 




■'non tbo valuo faction la * sun (uocticn XXX A) * ecu 



c:^rs*8 tbo «X«KKits cf the loss matrix, 





dieirlawticn* 



’hen only qualXtotirt are present (ooctl on 

HI A i), 

* 1 V %) w U& 1,1 ( *te i % * 0 <«• 

If ve let Sj^ ha v« el*»nfc8 



In addition the restrictions on are? rotations MMmg %*»»•»% 

<ta determined by the Cburclsrtcn- *- ckoff procedure are evimsriaod 
by linear equstiuBS and strict inequalities, snd the cabins! ion 
of noo-nsgetivltir aasu-r tlcm *&tb ncr^sllsriicn (atop o of i ; » 
procedure) iroujv*s that tbo ©cssrex sat is Iberrcforo 

the earthed® of Chapter© 3 escJ 4 ary bo used to dot * rrin© IX 
the** kj & wslffu© optixscl strategy for ary auch set 

Mr i 4. 

end If there la not to delineate the sheets , < » . , $^ for which 
particular strategies are optiml . 



I K j« %i> for < * i,... .<? J n « 1 



8 



we can express the loos matrix m. 
















/Mm* 



*.*.#«♦! •• I ItIMii • I f*’ t 
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.&or, mty cjue stitrrtivo ebjwcfcivea cro present (section 
III AS) «mi we rex’-resent tlso deltas functions *$* jx&yncxalale. 



we have* 



o«: : 



s > U 3 , »„>“*•< Z* %3 4 I *J- ®n> • E“ >w ^41*3 

w B ; cO «•* v 






so 



&nl the elements of tbs loss matrix ere riven by, 

nEj B 

l +‘U ^ %e ’' <=b 1 ‘i- V 



If we let F^ have ©icBBenta ®bs^n ** s ^®a I %>) for ,5 *► 1,..., 
and n « I f . . . , !i vs «ac* serosa tbs loss netri* as. 







Hsb *W? 

S : "0 



In jmrtieaLttr the contribution to this n*s for rs m such that 
v^Cj^) Is r^xjrtionol to ^ is %l\t* 2n f * ect * CffJ 311 A So 
** steowed for polyiKwstcX value functions, that tbs ’izrackatinj 
relations can be redwood to a njntm of equality and ordinary 
Inequality constraints on t.sa coefficients above . further- 

sere the *aeei lax feem taken 07 such a systen of ccmtralnts 
is ^ ® for o * 0, , . « ,S R and a * 1 , . . . , >i wiich 

Jo fir >03 a bounded eonv«wc eot* Users for© we re in a .coition 
to detMsaim if there is a unique optiml strategy for a set 
of 5 ! polynsRisl value functions bracketed by a sec of VI pairs 
of polyt>:xaiala f ©nd if there is not we my specify the ts&ocaio 
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S * !♦**•»* which articular strata- 

(ias sr© epi&aeX. 

Xn section III A 2d ve presented & method for dotonstntas 
the coefficients of the polynomial value fursc tions *3 linear 
fwetl.om of ItT weights, w ** i,...,T), If 

v© a^reew three XtxYio.? z*ol r.tiowa bjr 



te$* 

i & %«fc w i.A 

Where a^ . , ^ io a cone tent determined uy tho least cpur.ros pro- 
cedure, we con stats the loos netriK **, 



w4K fefl^ %MT 
t«l 



*-ZT E 

a^l s- A 



*fast w est "iws 



»»£$ t T 

- z: 5i 

sv*i t s i 



J~K ♦vu i ' • 

£> Vv * > 

E n ' 

s-*i 



«st 



Where E 



feet 






Th« w • ’c ora derived by the Chterchaar.-. 11 cko r f procedure so the 

Sffv 

restrictieaR on <ufei relatione aweiyj then are ®ymari»«#3 by 



linear equations and strict irrealities. for each of tfs* 

T eppraieeaeats in section 1XX A Sd we tried to pick value® 
S ust 8UI ®^ that the constraints on the woa&d contain con- 

straints equivalent to * 1 in vrhieh case ths carwex sot 
will certainly be bounded. Otherwise, depending on the par- 
ticular eonstrsdtit, the sot my be unbounded » that c$® or 



wsro yj^ io not restrict od to finite values. »'<r^W3jt spodte&ng 
each Vfjfr flkeo the point and wo do not expect to on- 

oowrtcr a values function which can aaawee infinite values for 



rA 



finite valeee cf the imeeeores o? efficiency. T.-.v're r 'ero it 
eoarea reasonable in this case to regard tm eribouneJed ssot aa 
a failure of owe* osttetiion procedure ftjciivrt which v.«o should 
incesrportte safeguards in our enalytds , rccedfurc. will 

lx* 1 clone in tbs method ;rrr-on<^i in Chester 3 for the dst<y.ii*va- 
tio» of whether or not thei’e to a urd-wue cytteal solution for 
«fljr ©et , . . . ‘ • * w n» • * * ,Wj^ satisfying tlje cor»trdLnts. 

In section III 3 vo const lerod the »t ryiard fps&bls isethoci 
for obtaintre of the v»lua of ovtcwss©. If there 

arc T jMwsibl# oufcecsaee we »*y let « u^(u^ 

* 0, Uj te 1} wtd ^ be a matrix with entries df^C*^.} for 
5 48 1, . . . s J and n ® 1 Ii. o can esqproes the lose matrix sjb 



1 =* 








Because the mt la ocb.joct only to linear restric- 
tions, «« are in a position to UctanUnc if there is a unirtD 

* * 

optical etratopr for &ny iwffe ttotft p 2 ^ ^ ^ 

- Um 4 - p»» , which is bounrlew an?} if there i e not «*- ■ r& 
specify tbo subsets u^, , ♦ , for which j> rtieulai’ srtr* to- 
pics ere c;t fatal. 

If ve have chosen to use « Rultivarieite . .dyrw&el es the 

value function oss «, s« o«y let E t» e uatrii c - cnee, I have 

o z& 

elements (s^ | hove s fr wse w fce "(s^a^J «tc. 



S3 



Then nsy egress the lo-jn : utris cs, 

r. 

E-i *“ fS~l 1"1 



m* t :: 

" °o *o * 2T ’ r II H i nl * • 



As was noted for the brackotiijr relation ©« a uaclvrri-'t© 



pcAynocniol , we rtry use the Methods of Chapters 3 and to 
Jstoruins i C there is a cnltyca optiiwul strategy for ony 

* 

polynomial value function bracket «MI fay the jfKjlymsicle a {Z) 

** 

»nd u (2), sm£ If there is not w« tery specify th® subsets 
\^,u ? ,..*, 11 ^, 1 ^^,...,^,., etc. for which particular airatsfriss 
sre eptSeal. 



If we fta piy the stuiriard rasable sethod directly to tbo 
(a ) pairs (eaction .ill S3) a»3 have obtained estimate* 

3 “ 

of the loss natrix entries, vo can let IS. heve * one k» its 

jn 

(In} elononi and eeros elsewhere. Then the loos matrix sssy 



bo expressed &®j 



X* « 



rrSJ 

H 5= X 

I ’i n*i 



fa 




Because the etml&rd gw -foie frocedure eub^tet- oecfc l^ n to 

& 

only Xtneer restrictions (i.e. X,. «* o, * l,p. * 1 4 _ 

il JH fa fa 

n > 

« p. r ) end detetcAnea ft bounded convex eat, we are in a 
pos&tion to ciet engine if there is a unique optissrl »tr*-t<aQr 
for any loss saatrix Usrlng erftriae that satisfy itxsse rastric- 
tions, and if there is not to epee lf|r subsets of loss a- trices 
for which pcrtieular strategies are optJasl. 



fa ilX’jBtt'it'? tfce psesibll&ty c£ tbo failure of the con- 
ditions for sensitivity aaolyel*, w» consider « *itisatic« which 
could conceivably arise In the application of the nathodai of 
section XIX A 3 wtwo the value function. is a bus mi both <jv»o- 
tltatlva md qualitative cfcjaotivos are pr©ca?it . *>oy in step a 
wo select ec the quart titstlwe objective t^, one for which wo 
have de banal ned the value flection to be in the 

alternative fosss of step b for the CiUelitativs objective (X, 
wo firs! that sw* ^ tr.ncl in ate. c we tiMtwfeiR thnao 

makers into the ensssen eal« using u^fep) and find that* 



*4 * *xi 4 k w <«fcC«tu> > 

t 

*2 * °n *a« ® I7in > 

t 



i k* a Mtoi 

wfyi 






u, 



a 






:a» 

tiiyi 



^<4::> > 



Therefore we ectselos&e that k« * ** k-,, end for?, the loss actrk, 

1 i! 2 

L * E + *» % * % % 

vhsre 3^ hea as e t i— t i \ a ^*® n ) 

1 V*»' 

r, st *eaartA*3 ttee contribution of all other 
objectives to the loss r . at r !*_■>. » 

3cth Uj>j and u.j are suitable purassi-tere lor soriel tisaty analysis 
by coiT.5ti.cn (ij , but if we »ei« to an. X, a • tbe sen Itivity cf 
the eptianl solution to variations in ^ wd % subject to the 



S\ ( has as elements --{a.. 











. 



1 ^ 






' Vf <* -rf 

»4 W 






lit V 






I# »* ,U) MCltWli 








ve vould be 



violctinf; condition (2). Although the given constraints are 
linear, they do not express ell of the restrictions on end 



The last Inequalities presume positive and are In- 

cluded to prevent cn inconstst ency in the specification of u^. 
The most straight forward way to avoid such a situation is to 
insure that no 0^(2^) trbicfc will be the nub loot of sensitivity 
analysis is included ssaong the ? objectives selected in step & 
of the procedure. 

Having cautioned agslmt the nisusc of the netbeds of 
sensitivity analysis, wo reiterate that tho'o Kcthodsi r.ro not 
d®i>endent on the use of the particular valw estimation pro- 
cedures presented in this chapter. In fact no value estima- 
tion procedure of any kind need b® Involved because the sen- 
sitivity artelyeia wathoris are valid for paranoters wkich 






satisfy the given conditions regardless of t!s® jaeanirjg 
attached to those parameters in a particular pi'oblea. 



Chapt or 3 



*s& Molki is. la iiaasesl luxates. 



In tliis chapter »e ttsra to the feacual jpreeedore far ana- 
lysing the sensitivity of tlx? optiaal strategy cC n finite ot-a- 
tlstlCfil decision theory prcfc&ew to variation* in several 
nareeaetors sotipfying tis* oonditiens given in section IV A 
of Chester 2. 

q first observe that if & «s® t«a of eomlity constraints 
Is consistent, eccfa ncKr^landant a .cstiee can be v»®3 to erg-reae 
on® of the parocet are ss» a linear function of tbs others?. Tbo 
procedure for aecaapllsbiat this Is decreed in section I of 



Appendix I. Sceauto it can be done, we car, etepUfy the cists- 

sent of the lose tsctrJbc. For eeiesplc if we cad write u, ss 

.1 



H-l 



u 



n 



d + 
© 



»«a 



d u 

81 ® 



vo can express th® criterion an&trix m 



c ” c ® ‘ £ V. " V» ” c o 4 £ 4 (d 0 * £ Vv> c . 



r^t 



r*i 



M 



c • c . * A <Pn -g%«h ♦ <y*> * < ’ £ 



esS the equation fsras vri&ch w» obtained a, ©8 a linear function 
of u, , . . .pa, , no lender need be ieeSLuded onorg, the constraint®. 
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for c£ discussion we rests. so that tho procedure of 
section X of Api^ndix 1 bno been used to reduce the naeber of 
parecetors conoldored explicitly «sd to eXirrdnsto the equality 
constraints. Hlth title ei»pll£leaittc« w« writs the conditions 
for the ijrjpliCE.bili.ty of tbo *sotlsod# of analysis presented in 
this chapter s& 

1* ffefi criterion eetris; ca M bo e^reeeed 

m £? 

c ■ *• * XI Vs 

where is an srbitrs* jy Jx£ tactrix for » » 1....,” 

2. All restrictions on and relatione «»an£ the carm©i*re» 
can be caressed by a system of lincer Inequalities 

m ♦ » ( i) o 



where G* ** is the vector of parameters* A(ihtft) 

is the coefficient raatrlx* end 3{%1} let tine vector of 
coneicnte . The ootar©* set db&md by this eye tee is 
assumed to bo bounded. 



Egbert tho criterion ststrix 1® expreesafole as in 1. above* 
the expected Iocs for c strategy is a Umar function of U. 

* (\) =* tr (S k C) * tr ( k C ) - JZ tr C^y 



2 - ol tss: S&m %_ mo< swhUV #*m m* cLs. 

or, '■ irrrrf.ox'r , : 2» this section v«i CsBsider a issti o-t Ter 



aa&wering questions ouch as those athed in Chapter 2, i.e. 
given a syatei of linear constraint® defining £ newest swat 



in vbich U sunt lie wo *fill iiwreatigaie tbs various strate- 
gics that or® gptinaX for scs*® admissible values of U. 

I A, General Kiscussi ©n: In general %» expect that if U 
varies sufficiently over :%opaco, the optimal stretchy derived 
free* C will change , Meweves* the t* with which w® o.ro conccrtied 



cannot rang© arbitrarily over it-spacoj it is r©strlctad to 
variation within the bounded ernwex mt defined by tbo ey®~ 
toK of linear inequalities In 2. above. In order to deter- 
rdoe if there Is a strategy' which 1? cnthasl for eny U in 
such a cowes set, we kut owploy tbs folloufcng result. 

If a strategy is cpdfeiaml at all of the «xtr*s» 
points of a bounded canvass act, it la optiss! 
every point ir i the set. 
where an extsva© point la defined as fellow®, 

A point U is as* extreoc point of a convex act If 

4> 

©«d only if there do not exist other points tJ and 
u (u* /? y 4,< *) in tho **t such that 

T Jjt Jft A 

53 *f U (i—v) 0 0 < v < i 



To I rove this otatenont we .first note that if sir* t«fy 



is optiouu. at two points in K-apaee it is o.-tirsal for sry 



*1 



convex cmbirv tloK of tbo*® ivo voirrts. Consider the „ oi 'is 

* ** 

r J and 0 mJ «ssm« that the- re exists a strstagr » Q which is 
cptl-Hsl at both . otnfcs. That ia for m?/ strategy a. 



tr (3 c C*) * tr C^f) end tr (• /*) * tr (\C**) 



where 



us ‘I # 



** 



c - c 0 * Vi, «a C - C D ■ II % C h 



Than for nr?/ v such that 0 * v * 1 *« heve 

4|t J j. 

v tr c® # « ) ^Ytr (\C } ssrf (i-v) tr (y; ' ) * (i-v) tr r fc C ) 



The saa of time fcsso rsmits yields 

a A $ 

v tr (5 ft C ) + (1-v) tr (S^C ) 6 v tr ) * (t~v> tr (S^G ) 

tr ( Q [ v C* * (i~v) C** 3 ) '■ tr It C* (3,-r) C**J ) 

Therefore is an optis-dl strategy for any criterion uctrix 
which can bo maprmm^ cs> 

C * vC + (i-v) C vbore 0 6 v * 1 



Sow consider a point f which is a convex oer Mresticn 

# ** 

0 * v 9 ♦ (!-v) U wtscro 0 '• v ~ 1 

Tbs criterion ptst.rix ccwsspoodisg, to U is 

j. ••»..; 

C “ C 0 ZI »rC 0 + Cl-r) G 0 5Z (v 
ar-1 * t*4 






•V - ir v - • v - * <v r 



*• Xr ^ <* 



/l 




«|mM 



*4 m4| <~>JW * >41 *» (*b/> # • V v * 




I Y* •* • 1 







f l*V M) • > *1 ^ if44 • 0 



anJ this is irccisoly t b* f <:«2 of criterion jsotrix for which 

« is o^tinsl, Thwe e is an optiml sirttegy at wary convex 
o © 

* ** 
oassbinatioG of U and U . 

An analogous proof would >>jwi; ia tho »ar**» result If wo 
ware to consider tUo cnwia c^asisinetlom of an axfcitrary finite 
number ef points . very point of <s hounded convex set defiryxl 
by linecs* constraints can bo express ad aa a convex <k£3bination 
of a finite rmkmv of * extras,® joints, 1 the sot of extras© 

g 

p-cints being & subset of lb© set of {*$) points oi>$u*i*wd by 
letting SI constreiTitv «t » ttee bold &s e 'ualitioo . fberofer© 
if & otratcQf 1* optical at over:/ extras© point of a bounded 
convex set, it is opiiasl ft every i>clnt of the ret. 

’^e have cacsrlficed aaae genarolity for tbo convergence of 
expressing every point in tbo carve** set as a convex ccnbinotion 
of tbe extrova points, of the set. Sbe assumption of s bounded 
convex act implies that wt on at l«*st specify s very lcrg® 
positive r.unbcr and a very large negative nu-^sr between which 
«np pmaaetar under scrutiny cs«« be coml- ■’•■rm to lie, /»s a 
rule those nnabera neai not be % serried uccrusc tfceir inclu- 
sion in the analysis is obviated by t’j® other c**nstrii.a(t». 

In mqt o#m v© need do no mk in our fotweletion ta*a pecify 
such wJttbmm for perrvatmrc that pro obviously not otherwise 
constrained to finite values, th® analysis « roesdure will 
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oifnsi ax? xarbomi&Amtrs of the convex set, and so wo tay dsefer 
the sf4»dfles»tlsn of these mistier* for other perweeters until 
they #» shewn to b® reaeosary, 

Secane* tee m&wleMiX {to the senes of rosjatlrtoc the fovoot 
constraints) bomtod convex set defined by linear iwriufilitiea 
to .!-®paca is tbs ^etoplex*' do fined ty ff*l const relate, & 
necessary sosriition for the convex cot to bo bounded is R ^ 2! i 
Therefore we "will asovnte th&h wo tew were linear ine-'*ijr?lity 
constraints then p&rseetosw. 

Xn order to det-emim if there to e strategy which is 
optimal for all B ssttofvinc AU * 0 |gL 0 , vs »gy gmmmt* 
the extrafto points of tbs convex set defined. by the linear 
inequalities, ecopute « criterion matrix for eticb «dtrera* point 
and determine tbs correspow.il sf optimal etrateciee# If one 
strategy is optical at every extras'.® point, it to epttoai. over 
the set. 

In Appendix 1 we present a procedure for dotertaining ti* 
extreme points of a cormsx est define ly linear im^eslities. 
It re*avidee a ssethed for fetenclning « first oxtrore point 
solution tad positive indications of l«oorwi*t«nqy of the 
eystesa or xxibauniednaos of the eonvox set. She procedure 
provides a nethod for roving 1’rm tbs first extreme point to 
“adjacent" extreme petota r 4iich to turn ere weed to find other 
exireao points. 



CJk 



a cmptsC# for n « 0,1 



*' and having obtr incd the 



extrw-e joints of the oot, wo ccs.. ute the criterion 

r«> irix for each extswe point by 



TJso corr»3»rorsciin£ optical etratesiea are bbteincd by the t*ro- 
cedure outlined in Chapter l* it is peootble that aero tlian 
one strategy is ©ytSrel at an cjetrarre point in which e«ee «1X 
©ptk**l strategies should be noted. After this procedure hs# 
been followed for all astram* points if one strategy fta© b®en 
aKenc the cptiasel «tr*t«,”lcs t eneb ©strode * oi.nt it is 
optical csfer the set. 

If ve find that no one fitrstegy i® optical ct evwty oxtrww 
point, xe nay *l»h to tabulate all strategies which are csandl-* 
dates for the oplb&oi otfetegy if v@ knew* no ram'® about U than 
the fact that it eettefiee all isc^uslitleo nnd to s>oci£y 
tls© eubeets within which each such strategy is cg&ba&X. - ay 
wo hove V strategies , . . . t Oy each of which is optical at owe 
or acre extra?® points . For any two «uefc strategics , scar el, 

V 

sad » w , we can specify the hypej^jlano in . .-ootca on which the 
expected loss far the two strata rices ia e-usl by 



sv4 J . 



o 




i-~y 




0 * vw ^ 



or by 



0 « (a*) - « (s v ) 





m * r - V* 



C5 



* ^ ** *' ' m ^ 



W 



v, V *wd v f w. 

The two fccRW specif^ tbo »rr.e typetTplrn® In r«c.;.-jc© and 
ere equivalent Tor cur purpose©. t here are V(V-l}/3 «\*ch 
typci^idfirtses ‘rod by a, -eetfytrc the cense of an inc ..aelity 
MmoelirtMl wltk oceb (i,e, # <*J) > 3 or -A, * C) we deflate 

« c«tsr«x ret (not necessarily brcsndM) which '•*« stay dersete by 
8^1 ♦ * 0 t • K Jf . -Tnz intcrscctio?: of 



th© MUM ©*t defined by **ti -*■ - © «wd the «n*mnk net defined 

fcy AU *■ S ^ 0 is a bounded earat subnet of the latter act 
end s~-v>- bo defined by bite cyst as cf linoar lits^wcXLtics 
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# * » 


u * 


• « • 


Wi 




B t 



> 0 
(*) 



a 

A> 0 £k ' © 

t n <*) 

Y(V-i)/2 

r da® of the 2 evtssejts tasy ho erapty became the ayatm 

« e 

^ I + 1 * 0 ii inconsistent or cannot ‘-jo satisfied by eef 

point in tiie act deCkieft by aU + 3 m| 0. 

£ • * \ 

bnch ®yoi «r 3 •? 3^ ^ 0 restricts t* In tho sane 

•Mff »e did the syeim Ac - B ^ 0 although uor# *t*i«§«<My, 
Tberefere we stay follow th© sa.® procedure for thio systera ss 
w« did for the cri&lml ayat®», jjencratin tae cAtrcz-o points 



cf the convex cot (sasc* of which way r- ?o uj-en r b»raimd already 



while crisrating tbo extra.se points of tbs ericitwl c«nv«c cot) , 
oosputlsg the sjiproprt&te C tsctric «3, end dotcraining tbo wn»- 
spcnding optiiaol strategies , If o» strategy is g»«.-ti: - «al ®t every 
ostrer* point of tbo subset, it la ojitSral et every point in tbo 
subset. otherwise tm nay partition this subset into ©seller 
subsets by tbo smo procedure and wsmlm tbo extras© points 

of ft sec© ©tih-eubeeta etc. % following such a course for t 81 

?( V - i ) /2 

I, ... ,2 /# w® meet ©vent -jelly partition tbo o ottmz. cot 

defined by M ■*■ B ^ 0 Into cmhaeto in each of i fhMh a psrticu^ 
lor strategy is o^tSuel. 

In Appendix I «c present a *ssttoe*2 for incorporatiriB the 

* 

additional constraints given by A U + - D into fa© oysteB 

-U ♦ B ^ 0, 4Mi for gone rating the e w &re we points of tbo 
bounded convex: sot defined by A^ 0 4 3^ 0. In the follow- 

ing choker a© present jseihexts by which this partitioning 
©valuation can bo carried out without difficulty for tbo caco 
i* * i, ■hen >1 « 2 tbo analysis can bo aoeaspiicbod without 
essceesiv* difficulty with the ©14 of a graph. As *< ard tbo 
nuwbcr of alternative strategics to be evaluated grow large, 
the computations Involved in a eenplete amlyeis could feeccm 
(although net neoaosorily) prafeibilivo. In addition when 
worsting in isigher dinenelom who re car goa^tricsl iraigiJt 
is woeh end when there ero a lar^o ©ashes* of alternative 
strategic®, wo way encounter difficulty in inter; noting tbo 
it^Uootions of a partitioning of tbs net. 



There seas* to be eoeeMl^lly ccterscs open to vs* --ben 
v® discover that no singls strateajy is ojrtlMCt. ft all j.c&nis 
of the convex set dsfineJ by 41 B 0. e my atfeaagft to 
detersdne the parmatcrs with greater i.rocirion (hopefully 
sufficient to restrict then vithin e. s*lo**t ever which or# 
strategy is optical) or we may singly select one strategy far 
use. The cboise bettwen these o a eww , the aeihoste to be on- 
plcyad In parsuinj the eheaen course, tntl tbs usefulttsm of a 
partitioning of the cat In eliia(, decisions on those miters 
cannot bo fJeteradned outside the content of a specific yrcblar*. 
Here wc C'Orfino outcolvco to sem examples of when a partitioning 
could or could not be wsrnfvH . 

If v?# adopt the alternative of deteatsintag 15® parsiwters 
with greater precision, the also, shape, and location of tbs 
8'Jben»%8 a v&r which particular strategies are optical asp pro- 
vide infeamaiien *U3 to il® paremetars the additional restriction 
of whiefc be Rest ocrd:x-ivc to the specification of « sot 
ewer which one strategy is end sm? to the fora in wfcieh 

ardditioml restrictions step be couefct. On th® other bnrl If 
the tochrilques st our disposal in a cpecifl* problem do not 
pers&t v® to be selective in either tbs p;r««-otera to bo 
restricted £urtt««r or the fatts of - Witiorwl re- tristlor , a 
partitioning cf the set will net be especially we ■ fui. This 
would bo th® situetlcn vfcan the perassstarc ,t» o» ' ici.cr.to 
of r i clyncejlal value function brachst-f by twe .K&ytKS&aJ*. 
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If the fcraeletinc pa&ymx ids c«n Uj drier. lix>., only by the 
»«tbod of section III A I© of Chapter 2 , vo cannot furilser 
restrict, r.ay , only tbo coefficient of the c-ucrttc ten.; ue 
r.uat together*' the two torachatlos p<&yac»icla which 

will usually alter tlse reetricticc® 051 all of the coefficients 
of t be bracketed polyacciial* 

If we adopt the letter alternative xeet apply eas* 
additional criterion (perhaps 0 very inf or, cl one) for 0 elect- 
ing the strategy to fee used. * pocsttfrla rule is to select this 
strat®cy fJMw anoog these ot rstc.-i.es which are og.tls.il for ecne 
sdbsot by the criterion that its B o; t knoll t;, 3 uks«t H ho the 
largest. fills would be m e^lieeties of idiot is often called 
the "Beyec Criterion* or tlso rdnciple of Ineufficient AeeeetV* 
enret* tM convex set da. fined by AC + B 0 . In this cr.se a 
partitioning of the convex set would ha essential to the 
decision. In i*c«c other eases it ary he irrelevant, fer 
example if ere unit values associated with <yuii~ 

tativo db^ectivus , we jwsy use the Churobaen-ick *ff £ vocoder© 
(section. 1 X 1 f 1 of Chapter 1 } to obtain the linear ocnetrsints 
AC * B 0. In applying this procedure "« detain a c <*e£fte 
point In the convex sat by awmlpulstln^ tentative unit values 
to confess* to the linear constraints, and avy develop a ’’feel* 
for the jroblen which leads m to btULs** thet in sso® sens* 
this point is our beet eetisa ate cf U. © rtrfct then ?ec-we to 
use tbs stratecT’ which is cptia*! at this p.nrtic«i»r puint even 






though it is not optiixol at aver/ point in th® com* ax set. 

Her® the o;>®olfication of tba subsets within which various 
oirctegies are optimal would not aid in the fim\l decision* 

before leaving the discussion of partitioning w# nefte that 
when working with & cystm cxitxiaing strict linear inequali- 
ties suae ext rare points of th® set era rvot cent s-ir^d in the 
set. This feet presents no difficult; if w« find one strategy 
to be opt Ins I «t every ext ran® point; that strategy is optimal 
over the cet regardless of whether the inequalities* arc strict 
or ordinary* However when no single strategy is opti&al over 
a convex eet d»fimd by a particularly unfortwmta system of 
inequalities , it is possible to have a strategy, say s^„ 
which is eptiscl at as aery as :• extreme points of th® convex 
sot without being optical at any point in the set. This occurs 

when the set over which s Is a^tisml intersects the sot defined 

V 

by AU * 8 - O but does not intersect th® set defined by 

At! + B ^ 0. ^uch a situation would be revealed by the fact 

V(V~l)/2 ** ** 

that one of the 2 ' systems U f B^ 0 is incon- 

sistent while the c erreapondiag: systeea of all ordinary in- 

** «* 

equalities A^, U + * 0 is consistent. A tae&ns of identify- 

ing this situation is included in Appendix I. 

Before turning to an Illustration cf the method ,,ro; oed 
here, v» append a result which in setae cases will suffice to 
specify an optimal strategy over th® convex set. 






' * t 
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If 3 # is given by trCS^C^) * Tin trC^C^) fee . : 

k 

0,1...., ' then a is optiua! for ell F » 0. 

V 

To i" rove this result ve cojalder a str**t«i*y matrix . , 
% hypothesis 



tr {5 C ) it tr( S. C ) f or r « 0,1, ...,h 

OU JC & 



Inca 0^ ^ tr(.? o e te ) & ^ tr(^C^) for n * 



»r*?$ 



»— *» ► IT tr( * tr( k C Q ) - 21 % 



tr( 0 o C) * tr( r k C) 



Therefore » Q is an optltal strategy for ary I * o, 

I 8. rbawple of •..««? it lvity Mlyols : Tr order to illus- 

trate the analysis of the sensitivity of the optJuas! strategy 
to variations is sever*.! perwseters , u® return to the cxanpl® 
given in Chapter 1. In Flfcgle an! ; «cho t (1 ( X0) the interests 
of four mutually exclusive segments of society wore const ered 
to be relevant to the specifleation of tbs loss incurred when 
sn action (a^: hospitalise, ^ t treat te cutp-tient, ay 
dlscl-argo) Is taken in the presence of a is beta of nature 
(&^s infuCted and contagion, Sy infected but nen-conts^ioua). 
Ttioso four segments wore 

1. th® productive society as an entity, to oo differ- 
entiated frcia the following parts. cab r segsents 



which art? directly involved in the diagnostic problen. 

2. the health service eye too as an aggregate of scarce 
resources 

3. the individual patient wteo Is infected with leprosy 
b. the health service at&ff as e professions! cccsas5ity 

The objectives listed la Chapter 2 (control the disease in 
the pot lent and minimise am infections, treatment tip®, and 
monetary cost of treatment ) and perhaps ether objectives , uben 
considered from the points of view of tb« four se;r«9tits of 
society, create different loss matrices- such as ths following 
which ore presumed to be in ths sane units , K (cj"i,.,,,4) 
is the loss matrix of the smgr.ent of society which io »*th in 
the list above. 



Beesue® C » E each of Itease loss taetricas lends to a different 

» Ei 

criterion matrix as shown below using the probability distribu- 
tions of Chapter 1. 



"hon the Interests of the various segrents of society are brought 
to bear or. the diagnostic problem irdivishrlly, tfeefr lead to 
-1 ?f*-rcni ogtiarl ctrrte dec. Frees the ;cl * f 





view of productive 
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society s_ (hospiteliso cffjffrcnily contagious * -tionts orri 
treat others s» outpatient is ©„ t J*a 1 . If conaervetion of 
the health service’s resources for other uses were the only 
consideration, no leper would ever bo treated ond (dis- 
charge every cm) would bo eptSawl, f rets the viewpoints of 

the pctlent end the staff 8 (hospitalise ovosy infected pn.r 

1 

son, contagious cr not) is optimal* The use of « strategy 
which Is optimal for rny one segment of society will impose 
a penalty or: om or more of the other segments, » , , tho use 
of s will jvenaltr-e productive society an w.cusst given by 

X 

tr (3 -3 )£. « ,056 while on the otivar hand the use of a« 

X 2 * 

will pencil* e the patient an a* cunt given by tr 
» ,182, r 'irUnr cotaparisona can be tus.de between other 
strategies and segments of society. 

The individual or group charged with tho direction of a 
health sarvic® pragma must settle on « strategy to be used 
which represents a suitable eonproteice of tho conflicting 
interests. This u*y be done by formally or infernally 
assigning appropriate weights to the interests of the four 
relevant a egten ts of society. T -o appose that In a first 
alter pt to determine a suitable eoBpraaise w* rake cnly the 
simplest Judgeeetrta about the weights to be assigned. >-Q 
merely rank tUe» and oppress the weights to be att chad to 
the interests of the health service system (u ), tho patient 
{t^), and the staff (v^) as f ructions of the weight at tv chad 
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to the intorcats of productive society (u^ ) which •« set equal 
to unity. Mf© «ay suRmeriB© one such ranking by the following 
four Inequalities . 



(A) 

(B) 
<C) 
(D) 



-1 0 
1 -1 
0 i 

\ 0 



*3 

V* 







1 




10 


0 


> 


0 


0 




0 


W 


f 


w 



The four Inequalities define & bounded convex ect in 
3 -apace end since wo can write » loon matrix as the weighted 
si» 



L => E x 



15*4 




we may us© the method of this chapter to determine if such a 
ranking is stifficient to specify a single optimal strategy and 
if it is not w© may exasine the subsets within which particular 
strategies are optimal to aid in deciding what additional anal- 
ysis should be carried out . The convex sot with which we are 
working is simple enough so that no fomal analysis is needed 
to find its extras© points which are not the»solvc-s in the net 
because we have a systoa of strict inequalities . The ©xtrasae 
points are given below with the corresponding C metriese aivi 
optimal strategies. 
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C’ » 


( i f t ^ 


r,4 

* c i * S vt 


Opt 5*cr’l 
trategies 


Coast point* 
Holding as 
qualities 


(1) 


( 1 ,o,o,o) 


.Qig .IbS 1 
.C$3 .093 
.133 -227 
1 / 




S 2 


(H)(0)(D) 


(2) 


(l.i.o.o) 


(.159 1.027 
‘555 

.109 .22? 1 




s 6 


(A)<C)(D) 


(3) 


(1,1. 1,0) 


Li 66 1.905 ' 

.♦-1.1,1- . 313 

.269 i.l$7 




S 5 


(A)(8)(D) 


w 


(1. 1.1,1) 


Lite 1 . 905 ' 

.280 .907 

.$30 I. $12 




f 2 


(A)(B)(C) 



/ 



In this problem our ranking of the weights eliminates the 
two *6XtrfM)* etratecios (baepitaliao every infected patient) 
end 9p (conserve the resources cf the health service system for 
other purposes ) , but. it ia net sufficient to oils ins to ell 
except one "ccRt-rcadse" strategy. o have at least (hoc- 
pitalise apparently contagious oases and treat otbsr infected 
persons as outpatients), (treat all infected persons as out- 
patients), arid 3 ^ (treat only apparently contagious c-cos and 
treat thou as outpatients) as potential optimal strategies. 
Having failed to find a strategy which is optical nt every 
extmse point of the convex sot, we »ay wish to ejwrir.9 the 
subsets over which perticxilar strstevieo arc optimal. 
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The first stop in partitioning tho sot is to deter. ~r» 
the planes on vhicb tbc oxpeeted losses- fr«s the V «# 3 strate- 
gies found to be optimal at some extreme point of the set are 
equal. The ejected losses for the three strategic 

f(s 2 ) 53 trpgC) » .10? *- .607 u^ + .266 * .093 

e(« 5 ) * tr(S-^C) * .1*0 <• .500 u, + .282 Uj * .262 

e( 3 6 ) « tr(5 6 C) - .2?5 ♦* .oho •? .9*3 uj * .433 ^ 

and the pianos on which the expected losses sre equal are given 

** 

0 » A 25 (0) * tr((5 2 ~o 5 )C) * -.036 ► .107 u 2 - .016 Uj - .169 % 

0 * ^(U) * tr((8 2 ~d£>c) • -.163 ♦ .567 - .676 ^ - .341 

0 * A^(ll) • tr((r^-3 6 )C) * -.132 * .460 uj, - .661 uj - 4?2 u^ 

, v (y — 1 ,? /2 

^Inoe t * 3 there era Y(V - 1 ) /£ * 3 such planes end 2 

* 8 subsets to bo examined, t boss subsets are defined tr/ ttse 

four constraints representing the ranking of the weights and 

the inequalities noted bolc^. 



fubsot Constraints Extreme feints Ctptimal 
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A 26 




't rat egtes 


I 






*Vr»i 

**V 


2,5.6,?, 0,9 


3 6 


11 


«&Q 


«s$ 


*<Q 


5,6 


*2 ^6 


HI 




<* 0 


«<0 


5,6,8,10 


S 5 


I? 


^0 




^0 


3,5,640,11.12 
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0 m. • £ m. 4 gir «C. r«w * 
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U.U,M.<.t 














?6 



V 


<*t 




bo 


5.6,7.943,14 S 


VI 






^0 


5,643,14.1546 .% 

•3 


VII 






bp 


*" 6 "2 3^6 


VIII 


^0 


!=0 


<k) 


1,4,5,6.114245 3 

#5 



By applying th® pro Chius’** presented in Appendix X we 
gatierato the extrmm points of each of these subsets. Toe 
designations of the extreme points of each subset sro listed 
above while the extreme points U*»aelvee (other than the four 
fivers earlier) sre tabulated below. 



* «^'W c ’ V 



Opiis&l 
t retries 



Constraints 
Heading as 

qxtelitioa 



(5) <1,. 341,. 037,0) 

(6) (l 4,. 397, .332) 

(7) (1,1,. 333, .333) 

( 8 ) ( 1 , 1 , .* 96 , 0 ) 

(9) (1,. 336,0,0) 



*719 



-.063 

.192 





,262 



4 JWHW, 

462 I.853 



•301 .693 



1.057 

.690 

.300 jggll 



.162 1.866 

.099 . 6,33 

.228 ^622. 



.707 

.249 



.109 * 2ZL 



■V 3 s 5 s 6 



V 3 s 5 S 6 



J 3 V ’6 
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V 6 



(D) V 56 A 26 

*25*56*26 
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(10) (1.1,. 539,0) 


.163 

jJLQX 

.236 


1.873 

..7.08. 

•769, 


r '5 


(U(D) 4^ 


(11) (1,1,1, .325) 


' . 166 
4,66 
-337 


1.9051 

1.233 


r ? 

~2 5 


(«.){U) * 

23 


(12) (1,, 395, *395,0) 


l*m 

.073 

.220 


.837\ 

.379 

.59 o) 


9 3 

25 


(S)(i)> A 

•-P 


(13) (1,1,. 392,. 392) 


LjM 

.163 

.303 


1.85-3] 

.693 

.69)1 


3 


<A)(C) 


(14) <1,. 297,0,0) 


.060 

.139 


4*1 

.231 

- >7 


«r 

3 


(C)(D) * E( . 


(15) (14.. 394. .394) 


Li& 

.163 

.304 


1.853' 

.693 

,693 


J 2 3 


(A)(0) A^ 


(16) (1, .253,0,0) 


054 

.060 

.159 


.626 

*uZ 


S 2 S 3 


(C)(0) Ajg 






Upon asese&nln** the © tgbt eatesets w* not© that III and IV 



differ only In fb© sens s of the inequality attached to V J >- 
% discording A (U) w© obtain the union of III and IV, a 

*vD 

convex subset in which e e is optimal. ^Ir.ilarly by dlaoerding 
A (0) we obtain the union of V end VI, a emmst subset over 

iiO 



which s^ is optimal. In applying the procedure of appendix I 
to the cor* train to defining subset© I and VIII, wo discover 
that the Inequality assigned to is red undent in that It 

is eutCRstically satisfied by every point which satisfies tho 
other constraints . Furtimwor* wo note that sublets II and 



n 
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VII ire identical; the Intersection of th- thr* pianos 

* 2 5 <$> * 0 
^< 0 ) « 0 
A^U) • 0 

i» a lino containing; po into (5) and (6). Of course the 
intersection of ary t-o of the three nl*o*« i» the saw© 

11m so that one of thaa is redundant, '-3 a Matter of 
convenience ve let /^(U) be the redundant constraint. 

Thus A^(U) need not be eeivsiderod in defining, ary of 
the subsets. 

o fastv® partitioned the ©riciruu convex set into four 
convex subsets In each of which a perticiOnr strategy is 
optimal; tire union of II and VII is a Ilrre which is tiro 
intersection of the four* convex subsets mi belongs to each 
of them. These subsets are pictured or. the following p*^e. 

The union cf III and IV in which s„ i a optii&al la the 

j 

subset nearest the vertex (3). The subset nearest tire 
vertex (2) is X in which is opttraal util® 3 0 is optiaal 
in the subset nearest the vertices (1) arid (k) t i.e. in 
subset VIII, The union of V mi '‘/I In wtlah is o theaJL 
is the Ions narrow subset having as cm of ito ec •«' the 
lino 

) * Afjg(d) * 0 
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Having completed tho mechanistic part of tfc© analysis we 
jsove into the reel's of art. Ve nust decide whetter to select 
a strategy for use no-> or to restrict the weights «.,oro strin- 
gently. v e tend to prefer the latter course because intuition 
suggests that wo should be able to rcy score about the x-ol-tivo 
weight® than is contained in a oir.ple ranking . ;• wtt««nero 

the opt tael strategy is rsl*t;lrrly insensitive to u 0 , u^, and 
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mmr% •• i 
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CO 



exo *pt In tbs region nor tbe I4ne « >^(0) so there 

is soie basis to bops that xero precise information on tbs 
ecteissibl® values of Ug, u^, tail will restrict than to lie 
largely -rithin © subset ever which a single strategy la 



optimal. 

Suppose th&t we employ ease fomal procedure such as it® 

Churchman- lekoff procedure (Chanter 2) to restrict u„ , cl, «ml 

2 ^ 

u^ noro closely perhaps asking questions like, ''Should the in- 
terests of productive society to weighted uore be'vlly then 
the interests of the health service staff #nd the patient 
token together?" Such a procedure k vay yield the fcli.w5.ng 
restrictions on a,, and u^. 




The constraints derived by ranking the weight® are incorporated 
in those constraints. 

The first question to which wo address ourselves is whe- 
ther or not them is * single strategy that is opt is 4 -1 for ary 
ceaprcwUe satisfying these additional restrictions. In 
Appendix I (In the context of enothor prcblsa ) w© deter, ino 
the extreme points of tbs bounded convex set of defined ly ( ) 
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through (H). Given these extreme joints wo coa;.vrt0 the corre- 
sponding C Retrices and dciexssine the o 4 ;tira,,X stretegleo. 



n=^ Gphfeal Constraints 

U* * (i,u,,u_,u.,) C « C* + 'S a C trate&ies holding as 
^ 3 * i ^ kb - — — 



Equalities 



a?) 


(1,. 333,. 333.0) 


'.00 

.069 

1.3645 


.729 

4221 

.534 




% 

*K> 


(E)(F)(h) 


(13) (1,. hOO. .200,. £00) 


,072 

.102 

.247 


.331 

.464] 




S 2 


(?)(F)(G) 


(19) 


(i,. 500,. 16?,. 16?) 


&ZL 

.100 

1.237 


.997 
.333 
.425 1 




•2 


(F)(C)(Jt) 


(20) 


(1,. 500,. 500,0) 


(.089 
.’27 9 
.229 


1 ,023 1 
.454 
TeSgTj 




s 

5 


(H)(G)(H) 




toe still have not rastri 


clod u_ 

2 


i* V 


and 


to lie within 



a cet over which a single strategy Is optlml, llierefare wo 
dust again decide either to select a strategy for use or to 
attempt to restrict the weights wore stringently, in either 
case & partitioning of this convex set day be helpful. * 
partition the set by a urgent log the inequality A (1) ^ o to 

'-5 

(2) through (3). Thee* five inequalities define s subset with 
four extras© points (see Appendix I), (2D) en-i the three given 

below. 
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i ®4 Optimal Constraints 

U * * (I.ul.ul.Uj. ) C * C * 5Z tratenie# Holding r-a 

c 3 4 1 n«2 m n '’qualities 



(21) (1,. 395,. 395,0) 


.037' 

.073 .379 

^.220 .590) 


3 2 S 5 


(S)(H) A_ r 
25 


(22) (l,>76 f .428..048) 


Lo35 .9761 
jm Jm 

1.233 .633 , 
1 


I S * *3 


(b)(C) A or 
*-5 


(23) (i,. 500,. 361,. 070) 


,c33 1.012I 
-.083, 

.232 .577 

' 


2 "5 


(Old!) * 25 



Therefore is optimal over the outsat. If we row a ups ant 

A (8) 6 0 to (K) through (H) , we define a subset with (17), 

O 

(18), (19). (21), (22), end ( 23 ) sus extrsao points over which 
s 0 is optimal. These subsets ore pictured below embedded in 
the convex set obtained by ranking the weights. The subset 
over which is optimal is the smaller tetrahedron near tha 
uppermost vertex of the tetrahedron defined by (£) through (H) . 
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If w 3 now attempt to dctaralaa the weights with jro ter 

precision, the fact that the largest u,^ coordinate mmg (21), 

(22), and (23) is ,0? suggests that wo can restrict tbo admissible 

values of u^, u^, end ^ to lie within a sot car* r which s is 

optical If we can satisfy ourselves that should be greater 

than .0? it) addition to satisfying (T) through (ti) . Of course 

other supplementary restrictions can achieve t ho ot»e end, o.g. 

a restriction cf a,, to bo less; than ,7 a A . 

3 * 

- lierostely we my select e strategy for uso without 

attempting to further restrict u />l u^» end If we decide 

to uso the strategy having the largest K eptiH«lity subset, " wo 

will solcct s_ sine® the vclune of the subset in which it is 
2 

optiaici is larger than the vcCLuko of the subset in which is 
optical. ferhape in the course of establishing the constraints 
on ttj, u^, and a unprized ’ey (£) through (H), wo receive the 
depression that (1, .b^O, ,2c?, .142) is a "good” astdiw.te of the 
proper weights to bo given to the interests of the four rele- 
vant segments of society. If w® rely on this ostia* to and mo 
the relation 

ra«=4 

- « E, + XI 

1 S: r. 



wo obtain the lose su&trix used lor this problew in Chapter 1, 
end as use shewn there a 0 is optiiaal. To;, *'»»® conclusion 

4i/ 

follows frm the fact that the point lies within the subset 
over which s„ is outkaal. 



Regardless of the strategy oepleyod or the criterion by 
which it is selected, it is of son© into root to knew wist rang© 
of «q-oct!sd losses may be encountered mi»E thin strategy. If 
we elect to use we can detem-ino this rani© fraa the Ewsdsua 
and mini»UB values ©ftainod by computing 

E (c p ) » tr (S^C) m ,107 * .60? Ug +■ .266 + ,093 u^ 

ot the extreme points of the convex act within which U is eons trained. 
This equation for f (s^) need toot bo uoodt explicitly sinco we can 
obtain the desired values more expeditiously by emptying tr (r^C) 
for the C raatriecs coivosponling to tha extreme points. Carrying 
out this ecKput&tion at the four extra®® points of the convex set 
defined by (E) through (8) we find 

Extras© Point (17) (13) (19) (20) 

E(« 2 ) .393 .*21 .470 .5*9 

Therefor© the range of ejected Ixrnes that mt*y bo encountered 
usii\f s 0 is 

.393 < "(a ) < .5*3 

2 

Boforo leaving this example we «g«in point out the linearity 
assumptions of this method. It is possible in such & re-biers 
that vr® would also want to investigate the sensitivity of the 
optimal strategy to v«r lotions in other parx-r^tora , «.g. sens 0 
of the entries in tire loss matrices of the four segments cf 



^5 



seeiot y. accuse ° 1 vs may me the method of this ciuyter 
to crsslyr.a u^, u^, and concurrent with an analysis of varia- 
tions in ary of the oi«53ont3 of 55. («,g. tbo loss incurred by 
felling to treat a nonoontogiou3 patient) as lone as these 
losses are subject only to linear constraints . © ccnnot 

however analyse for variations in the elements of t , £ . or 

2 y 

T,^ in on analysis including y^, u^, or respectively b® o&uo® 
we could not then oppress the Iocs matrix ss a 2 inoar function 
of the parameters under analysis. Of course we do not rule cut 
rt ccmon sense” analysis. For t erj j qfr e given the reotricticss (13) 
through (H) on U, any incraase in the elasents associated with 
in enjr Iocs matrix will not altar the optical strategy } we 
could replace the ones in the lost row of by to ,000 cr nor® 
without influencing the optimal strategy. 

22 * $£ aatoaity toto to a Sssa totox* 

In cose «5‘iflicatioR3 it swy he more natural to view sensitivity 



enelysis in a aewwe r other than the cm we have presented thus 
far in this chapter. Instead cf examiflinc those •trstagi*® 
WSsich are optimal for various 0 in e giver, cewmc set, we isey 
wish to specify the convex mt is which T J nust lie for a given 
strategy to us optimal, fids section is coveted to s &l*crursioo 



of a netbod for specifying such « sat when the d .uror. ot-ra under 
scrutiny, U* •« (u, , » , . ,u.) , ertisfy condition 1, i,®. the criterion 
matrix c »rv 5a® expressed as a linear function 



1*5 



c » c < 

o 




where C is on arbitrary «?xl matrix Tor ra « 0,1 M. 

Ri 

II A, General 'Jlncussion: consider u ciretoy, s , having 

a .Ivan strategy mtrix, S , erri we sdoryfc the netatioaal can- 
vontics that tbo on® in ra? i of 2> appears in cclaxn i»a. 
etratecy s Q dictates that **» tsfc« action when indication 
x^ is observed* It follcwa li £Krilst&ly frees. our .definition of 
a criterion matrix that is an ajjti&al strategy lor epy cri- 
terion matrix stash that 



Cj_ « l'd» Cj^ 



4 

w i 



for i » i> . * . ,1 



or equivalently s 0 is optimol for «ny criterion matrix in which 
the fcftlowiix* I(J-l) inequalities hold 
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5*1 



* 4 
*i r 



5 — 4 I * ■ , , J end 1 — 1, « • • ,X 



Because condition I hollo for the dissents of U, eetb 
entry in C is a linear function of the alactants of u, and the 
difference between any two entries in 0 is ale a a linear func- 
tion of the elosasnts of U. Therefore the i(J-i) constraints 
rqxjeifyi «& the cptiselity of a (togtthmt with mxy prior linear 
restrictions on U) fom a syetea of linear constraints on U 
which can be expressed *s 



AU ^ ^ 



pr«ira3ist£ a^ln 



that &>\y linear c luJLity ec£.ais , *t8t8 cn U feeve 



ba#n Una.! to r*luc© tfc® dimensionality of 1% Tbcrafcr- condition 
2. for the ajvlicsbility of Vm inottwd® of om^ti”*£y ar.sC.ysis 



will ba satisfied. 



Jfeving dedans trated that v.e con , ecafy by a syct» of 
Unco.? constraints tbs cot ever which, k jiven stntegf, s , 
is cytii&sl, we tun; to ins question -f the t&e fulness of cur 
z, Ko iofinitiw srs^r to such & quae lion can jo glvon 
outside ti« contort of a specific protlac. btesust oho usofuXnoos 
of tic s.-ocificatioii is ,-redictac on our ability to interpret 



tbs oysters of linoer constraints in tasaa of the psrsswtevu of 
which we sre dubious , Iicwev^r -x* con s«^ tl «st that &v, fcciiim- 
tivo use of til® ssotbaie for investigating tins ;.*rop-rti« of a 



eormn: ect defined by linear constraints ^recanted In I 



r*y p«rcit us to distill frets the abstract «y®t«a of constraints 
results valet; have intuitive seaning in tfc* content of tbc t rt&>~ 
lo£a at hend. 



Tbs first result of an aps&lcatioo cl’ ih* Mih&ia c«f 

•'.jyandSoc 1 will «:•© either the dot owtinstion of one U (in ;.vr- 

ttcul&r ast ext rat:® faint of tfca comm net) far which c is 

o 

Cvtiisel or the 4laMHWry that tho xy&tm C 3 ^ a is in- 
consistent. lb» latter result t;.?y .-.•oil r.cw if vs arbitrarily 
select a strategy and attoar^ to dcflna e s«c orer *?hiob it is 
c;- tinsel; there aoy bo no iKiaiwibla vsl«e *?i U tor u.icfc the 
strategy is optisnl. ' e nay also dotessdjrse If the convent *ut 



This knoul- 



©v$r ' \-ich s 0 Is opti»c! Is bounded or unbounded, 
edge wey be of irstereot in itself arrf/or helpful In integrating 
the results of the methods discussed below. 

Appendix X :UseluI«o e c&ihal for testing coot's canetreltifc 
in the oyot€» 11 ★ 13 ^ 0 for redundancy# The balk of the 
sy*ta» (tins non her often will be large) my be a staler 

obstruction in the way of tsi^eretimding the implications of 
the system ©f constraints. However at least cam of those 
1(1-4} constraints usually will be redundant, therefor® the 
redundancy tests of Appendix I seme iistae can rtriuee the sice 
of the system of constraints which we aunt attempt to uncJerstaraf. 

Finally in Appendix 1 we discuss hew the extroRO points 
of the convex set defined by AO * D 0 stay be oxsputoil. In 
sew cares (particularly those in which the conctrairts have 
•ery irrational coefficients) © list of the extreme yelnts of 
the set will specify the set In a Renner which la no re readily 
Interprets!'!* then is the systtas of constraints. However we 
rsesi bear in oind tint if the set is mboended a list of 
fleet rerae points is not sufficient to define the convex set. 

II B, "xaepl* of sensitivity Analysis » To illustrate tbs 
procedure for specifying the set over ufeich a partieu&ar 
strategy is optimal# we return to the ciwwpls of section IB, 
There wo considered the estiaation of weights to be assigned 
to the interests of four segnemts of society concerned with 



- cc - - tb © 



1:-I rosy i -.noaio a* - * tre*tr-—. t; Lit*© •• 



loan . -trlrc 



1.0 



1 . \ 



L » 



1 2 




.5 



for purposes of deciding \%>m an cr-tlml strategy. ab «o noted 
isi section X H accept - nee of this loss r vtrix is oquiv.Icmt to 
the assignment of tbo weights U* *» (1, .450, .2 C?, .14;.) to 
the interests of the four struts of society. The loss natrin 
above is tho losd asc.trix u:.«d in Chapter 1 where s 0 with 

•5 

strategy rsatrtx 

l 0 0 

0 10 




was found to be optical. This *trat<\,y is to hoepltalise those 
persons who eKhlbit positive (ocrtefleue) indications end to 
treat ©s outpatients ell other . .raerso having raanifest 
of leprosy. 

Having derived this optiaal strategy a natural qeiastlrvi 1'. , 
!, If sessions were to disagree wit l the weights wtich we U vo 
3*put«d to the four a - .-enhe of society, would the/ - eo ■ ■ • rily 
diea*. r»e with cur choice of an Oi'tfeal strategy?” js ■ t ■ t <• 
the question Is not amenable to a quantitative vna *rr, but we 
can convert it to a suitable foj» by vsl i 
c-f U win a_ be an o, tixxX str*-t«ry? tt 

4 



. ■ >r vfe t vluce 
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defers attesting to «sss«rr this roast ten vo cat “ 1 

•aid re-tttire u ~ 0 for » *» 2, 3, ** in order tc eliminate the 

li 

possibility of a negative weight bsir^ assigned. r urthenaore 
v* uewe a cons anew to the effect fclistt the later a*t« of my 
cnc of tbs specific segments of society Osealih service 
resources, patient , or professional staff) should not bo 
weighted Rare heavily then the Interests of society as a 
wh do (apart frees the three sejpents considered ea^zlicitSy), 
i.e, 6 1 for * * 2, 3, 4. Therefore ’<*8 bsnro the foil owing 
six prior constraints which define ndWLnsibic values of 3 




'# next detemine the linear constraints that define the 
cot over which i® «£>%isal* Those constraints are ohtoirjod 
froca the criteria* is&trix 



» { 

C m C* 4 y~ 
1 » 5 § 




where the four 3~2 tsat rices C^(w*l, , . . ,4) art. given in taction 
I D. The I (J-l) » 2(2) « 4 conotrsints that define the set 
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over which nptinal ere given beleu. 



(?) 


°12"°22" 0 


(3) 


C 32-°3T° 


(9) 


“zi-'u" 0 


(lo) 


c 3r c if° 



1.226 


-.132 


1 

• 

O 

SD 


-.460 


.661 


.172 


-.10? 


.016 


.169 


\-.l4? 


.073 


.212/ 





1 


1 . o*<6^ 
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“3 


4* 


.132 




0 






. 0 % 




0 






\.mj 




w 



These four inequalities when coupled to tho alx irwqualitles 
given earlier define tho set of r.drdsriblo values of U over 
which Sp is optical. 

It is not surprising th. t an application of the methods of 
Appendix I reveals the system of ten constraint* to bo con- 
sist out (wq started tho analysis with & U satisfying all con- 
straints) end shows tbs sot to be bounded (we have ° 6 i* a 6 1 
for a «* 2 , 3, 4) . ». f e also find that constraint (10) is 
redundant and therefore wo my discard it. The extrcaoe points 
of the convex set are listed tolow, Deeeuso tbs system of 
constraint# contains only ordinary inequalities, all extreme 
points are in tho sat. 



Extreme Points 
B- - (Uj, u 2 . u y up 



Constraints Holding 

as Equalities 



(1 0 0 0) 

(i 1 i 1) 

(1 .233 0 0) 

(1 .658 1 o) 



U 



•325) 



(1) (2) (3) 
W (5) (6) 

(2) (3) (3) 

( 3 ) ( 6 ) ( 9 ) 

(5) (6) (9) 



1 



1 
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u 


1 


.39? ■ 


.332) 


(5) 


(3) 


<95 


(l 


.341 


.03? 


0) 


O) 


(8) 


(9) 


(1 


1 


.240 


1) 


(4) 


<6) 


(3) 


a 


M3 


0 


1) 


(2) 


(6) 


(0) 


a 


.03? 


0 


1) 


(2) 


(6) 


(?) 


a 


0 


0 


.49?) 


(15 


(2) 


(?) 


a 


0 


.254 


0) 


<I) 


(3) 


(?) 




.103 


1 


0) 


(3) 


(5) 


(7) 


<i 


,131 


1 


1) 


(5) 


(6) 


(7) 


the 


convex sot aver wt 


'ich Is ■ 

At* 


eptlsenl 


is pictured be; 


bedded 


in the 


cube which 


represents 


the act 


of all ateiss: 



VfilUOS of 0. 
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• 61 


61 l6| 
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The doscri|?tlcn of tho set of admissible values of U 
•ecr which 9^ is optimal in teams of either tho nine coo- 
otrsints or tho fourteen extreme points will permit us? to 
eay if ®„ is optteal for luqy given V, dowover to arnttmeiaa 
tbo situation in our own winds it Rsy ba helpful to sacri- 
fice eons© accuracy by saying that will bo retarded as 
optimal by owryona except poeple who assign a large weight 
to one segment wfetle eseigatng eaall weights to tho otter 
two scfissnts end po ople who assign large weights to rry two 
segments while assigning & small weight to tho regaining 
sagpent, In the region surrounding tfcs principal diagonal 
of the cube (the lino between (lOOO) nni (liil) on which 
a, ® ujj ** u^) , the states of as an optimal stretchy is 
relatively insensitive to tte particular weights assigned 
to tte interests of tte three specific sogjaente of society. 
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In this Chapter v?o ora concerned with ora dirianslorol 
sensitivity analysis. lb® aosunpiieaw basic to the method® 
discussed here are tbs a mm as those pr»e*t<ted earlier but to 
simplify the ©position we present tbep in a saeswket different 
few. The methods of sensitivity anelyeie fc-r variation© in a 
cincie scalar panweter a ore ^pplic^ble when 

(1.) the criterion matrix can be expressed ao t!« 
following linear function of the parameter* 



where C and D ere arbitrary JxX matrices . f!is condition 
could arise* for co«*a|A*, if the loss matrix etc of the 
fora 



whore 1 and ara arbitrary JxN matrices. In sorb a case 
w« would have 



C* • C + u 0 



L * L ♦ u £ 



n«M 





?*»♦» 



J ; 



I 



In the following sections wo accuse that C and 15 bam been 
computed. 



































I • 4 










*1 4 • 1 
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(2. ) The under cjralysis Is rt saoert subject to 

linear lo 5 «K*s* 14 ty constraints of the fane 

< < 

H (£) u (6) St 

will asousso for convenience of discussion that wo start 
with u « 0 nod wish to pmitfm the chargee which take place 
as u increases c md/er tlmtmmu i, that Is w® will analyse for 
deviations of tbo parareier away fms sea© initial value. 

1h« aetbods of &raly3t» discussed in Chapter 3 are applicable 
to this one dtrsomionol prebleo. <«b©n the psrsr.et-er unde? en»mt- 
nation is abject to constraints of the fora given in (2) above 
the wetfcods of analysts discussed in traction 1 of Chapter 3 ere 
Sppltceble. *•'» nay sot u « k 4 end u » k^„ ani determine tho 
©ptSaal etrstegie®. If a strategy is optimal at both points 
it ia optical over the interval. If no strategy is e/ptlnel 
at both points we tusy partition tho Interval into c*i>-intervali» 
over which particular stmtegiee are ept&asl, Sowever if there 
is not a&a strategy which is epti«*l over tho entire interval 
this approach asaelly will entail a greater nuaber of oav*o- 
tatiooo than win the netfeods presented in this chapter. ■ « 
nay use the ewrfcbod of analysis discussed in section XX of 
Chapter 3 to specify the interval (if any) ever which a par- 
ticular strategy is optimal, bat if wa bagin the aacXyoie with 
a u for which the strategy in question is spti&aX, tho desired 



inter? -.1 totally can bo specified r.ore oaeily aoing the art bode 
pa eaentod in this clsaptor. 

I* n.dhrpis ..eg £ Z&M £££Z l Xn this ooction ue as..nr*j 
thct 3 is m arbitrary Jsl matrix While in ©action XX vo will 
*sofc* a special ssocuntion *t>©ufc the nature or B which con bo 
used to oase tlx? casputatieoeX effort Involved in sensitivity 
anelys is , 

I A. i-’ralisdiiijuty Biecwecion: The »«oorvl step in the solution 

provcrhire outlined in Chapter l ewMista of datesxnlati^j ti» 
nlniKua client of each colurn of the C laatrix. Because of the 
wey w have structured the problem, in this chapter, this step 
consists of detewdLcing (given a specific value of «) 

e * 

o. » Kin c.. » Min (c. a *• wd^ ) for i * i 1 

• j j* a 5* <31 

* 

We gem rally expect that will be s piecewise linear function 
of u. As u increase© or decreases the subscript j associated 

w 

vlth will change, ar*1 tbs v^leae of u ®t which these changes 

* 

take place are discontinuity points In the slope of so a 

function of u. s denote the values of u at which the m&seript 

* 

j associated with c. changes by 

1 . 



“it* ^t* * * * * \v 4 * * 



for increasing u 



u 



Lit* 



for Cecreas'ir^ u 
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w© denote the subscript 3 associated with c, fc$r 



50 (i.e. cj « c* ± * JUn c^) for # ft * 



in particular va have for u 83 0, 4 K e,^ 



h (*-«• °i * ° : '-p V for a u 4 0 



* V 



?t (i -*‘ c i “ %i “ : f V for “ti a 4 Vu 



* * * 
■1* 3 



hi (1 -°- e i " °3 ,t “ »» V f8r u -2i s “ * u -li 



•U (1 - 5 - e i * •*.«. * “• V for *-W» 4 u * u -ti 



* 

The following graph of ecseo m a function of u xrf.ll ;>or’iape 

help to put this notation in perspective. T - c note in connection 

* 

with tills flMfril that need not be a monotoiicTanction of u but 
that it will be concave . 




.1th this notation \m cbco r?o t'.mt 1 s given by 



'°U 



vv 


« *in 


V C J 1 

0 


V " V- 


3 


«VV 



4 *<V 



/ 



find 0 6 



^1 



Dy hypothesis for o • 0, c. . f* c , for «21 j. \s u Incrocsoo 

j 1 3l 

* o 

only tiiczac c having a Slope less tt.sn 4 A will intersect 
c. . . ibo Mtafl&iai operator determines th® first u for which 

v . , 

ouch en Intersection occurs. l or 0 * u *■ u., , e ~ c,,£ee* 

^ ** **o~ 

aix 3 /’ J 0 ; for u * Uj., e, ^ 4 ^ 0 ^ 

O fit 

ijt 

for fill j # jL .1 «rsd for «,. < u, c. , < c . 

o 1 * 3 . ^ 0 i 

''ir.llorLly tx,. is given by 

<u«L 



’H * d, d 



** Kin 
J^i 3 pl 5 



V 

a * r d ,ji 



n 



< * 1*1 



** «a*« 2 t 



This point is determined by the Intersection of the lime 



c. . end c. , » h« am thet u - u m a %-produet of 
-S* 2 - *2+ 11 2t 

the proof that 



%i~ C li 





. r • -V 1 v" J / 

fit * ! ./ • </ 









4 tt* 









■ «« . «p*o «e MM) «**•* ■* - f J* 

•*,£• • .|o ,/« r f«<r ^ ■■ » '— ■ • «* 

•i/** *S* '* •• •• V * * “ 






•-* 







V v M *V T * v* V * * 
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The requirwftonts <1 ** < 4L_ * < 4 , * injure that 0 < 

h 1 h* Jo* 

(d. . ~ d, , 5 . For u « u we have c. , K rdn c.. which 



V fci 

lilies 



ii 



do^ d d* 



V * "«■ V ‘ ' “Ii “JjA 



C4 4 ♦ u„, dj 

^ ’hu 



( V ' V ‘ V ' V 

«* «l 

For u » iu. we have c. » w Kin c .* which implies 

,3 3* 

V + ^ V* v*^v 



V v 



^ ‘V • V 



Taken together these two results are 



“u ( V ' V ‘ V " V ' ’* <V " V 

Division of the three tense by (d . 4 - d . , ) will not alter 

^o 3, 3 2 x 

the senses of the inequalities and will produce the desired 
result. The general relation frees which u and u Rqjr be 

*4* 

obtained by setting t ** 0 and 1 respectively is 



^t+ii 



J 1 l” c U 



- d 



lZz\ 



dt 1 d t , 1 1 3 



/# *-v 



d - d 

dt 1 di 



vv 






V* 



| i 

> _ **' _ 






1 y 




Kj 









Ur m * 4 






. * v.- • *..•• 



H« a*A “#• 



*>' * V* ' V * •*; v’*"' 









¥ V» 

lij* Im 



i W 

• MM oil 



, J A(*A« 

if 

id tfi d l iM 1 J iMh J • f 



* - \ 

fl 






x.! 



/ 



V* T W 

Mt 1 */ **' 



.00 



Tho ^oneral z roof that 



1 1" 1 

nn h~l 






'h+i i 



*± ,v 






"t-i v t*i 



to the stsrvs as the proof given above for tho special c&aa t * I. 

’’itb & finite nuRber of terminal actions the repeated cal- 
culation of &wt mr actually hrlrc w to s stag®, 7, v?hete 
d^^ d for all j, ihmt the criterion for ^ o&nnofe 
bo applied and we have e« * c., ^ for all u such that ~ a. 

’« may fomelly describe this situation by stating that «u^ ^ 
The relations 5’or deoroaslvqt » are isirror laag^s of the 
ones described for inertaslag u. He have given by 



OO 



b.p" V 



V b 0 i 



-it 



d. d. 



* £fe3J 

5 



3©^ ^-1“ 



\«i 4“ <* 



Jt 



V" d 3i 



and u ~ 0 



At « ® 0, c< i i c., for all j. /'s « decreases only having 
*0 ‘> 2 * ^ 

slopes m nter then d. „ will intersect c, , . The aesdiem 

3*2. 3 0 S> 

operator detersitvaa the first u for which such an intersection 
occurs, For 6 e & 0, c , , £ c, j4 for all 4 / 4 q ; for 

ill * u * c 4 1 M c 4 .1 " e ^i for s 11 3 t 3 0 . 3. X S ard for 



u 



u < u 



vii* c j i 



< c 



1 i* 



4nil<u*ly u ^ Is detm&ied by 
~<£1 
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/ 


\ 


C 1 l“ A 

J-2 1 J-l 1 




1 °31“ %i 


U -2i * 


» JCax 




V 


V' V 


J 




/ 



end u, 2i & 

This point 1® determined hr/ the intersect tee s£ the line® 

4t & 

c . ^ and c r1 TSw proof that follows i‘ros 

—1 *"2 
the proof that 



a 



-21 



4. 



V V 



V V 



* u 



■11 



The requirements d* *< d. . < c!. imure that (d 4 -d )< 

J o „ 3 -l x i~z x V 3~zr 



For u 55 u u wo have c. , * Ki» e ,, 

Jo 3 * 3 J- 



vhich implies 



V 4u -» V 4 V *■-“ a 



1 T -11 *J ^ 

*•4 



tl *1 (d* * - Aa a) ~ Ca Jt - C. , 

~ u V j./ 



* #. 

For u * u w bevo Ca a * Kin c ., Which ir&plitj® 

J-2 5 ^ 



°3 ,1 * a -2l d 3 .1 4 *3 1 4 °-2i d 3 i 

0 O 



-j i-',i 6 “.a M, ! - d , ,> 
-2 v o Jo 



Taker: together these t«o results ®r» 












* 



v\ 











AM 












far jHcv&n 

• 4jl” V* 
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"-U Mj i - ^ 4 °3 „r V - u -ai ( V ‘W 5 



Hi via ion cf the three terras by (cl * d ) will reverse 

vf0^ 

the senses of the inequalities a:.<d will prociaee the desired 
result. Th» general relation cf which u ^ and u_^ are spe- 
cial ccaoa obtained by sotting -t *» <5 and -i respectively is 






O. 4- 0, , 

J -t-l tt 1 

« 


* ItsX 


c m ‘ m C * i 

31 3 *1 

V 


V' V 


V Vw 1 


3 


V"* . 



The general proof that 



u -t-n 6 



1“ c i i 



d i i” a « 
3 -t*r J-t-t* 



u 



-ti 



la the saree ns the proof given above for the special case 

«t c -i . 

Vlth a finite nmbar of terminal actions the repeated 
calculation of u must eventually hrins w* to « stage, say 
-T (not related to the ? for increasing; u) , where d .. ^ d 

31 , 1 .t 4 

for all J. Then the criterion for u cannot be oppl ted 

“T— it 

tjp 

and w® have *» ^ for all u » u^. V-! ® fcsr'ily 

describe this oitustion by stating that u » -oo. 

In the preceding discussion we hove assumed implicitly 
that the subscripts ^ end ere uniquely doi^rrined. It is 
of course possible that there exist cello (ji) and (J’l) such 



10 } 



thet « c . , ? crsi d.. » d. M . , Thus it is possible tr.rt 
3^ or viil not be wni/iualy Bet-. mined t oaso ctr«se. Is? 
srjcb on lr*3stt tttineiien tppeero ..-a .-sy taka eny of the eligible 
c ndliitos to bo or 3_ + * 

I B. Analysis -Yocedurei In this section mo prer ont a «ie». -by- 
stap account of e oenput stio«aX procedure bsaod on the results 
of the preceding ruction which will * cr it us to specify an 
optimal atrate©* for enp r- h.isaibl® v !»• of u. lousing 
that tiie vrtrieea C nrd 0 lav© been cofc„utad, the analytic 
proceeds as follows* 

i. ‘ f e first construct r iablo i," a Jxl table with reus t com>» 

sparkling to a and ccliams corresponding to x 

I J 1 x 

F*eh call of the table ney contain two osrstrica awi to sopnreta 
thee we cut each call by a ilsgcnal lino cs shown bold/ 






Tha rest of the procod ora itws>Iv«o the Ccrjpufc -ti r. of the 
r.\r -or (if «*r) to be arrt«red in each of tbs 2(1.?) positions 
in this table, often tfe© _-rocaiure will result in no rrtry 
being staaie in a i« rfcicular position. 
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2. Fresmsbly for each cd«m of C we have identified in sckso 
K aswser such &$ urvSer*corl«£ the r.itunus eleaent 



c i * v"T Cjl 



ly subtracting fras. evexy slcssent in column i of the C 
H&irlx, m £*m o tabic with ontrioo ^ » 0. v© 

eaphaoite that tbs subscripts ^ otc. depend on i 
30 that, for example, the coll (j o i) will bo la various rx&rs 
as w« move frer. col ms to colts an. 

3* V'e fona e table from 0 by subtracting ^ws every olcssont 
of column 1 the cleaont <?.. . corresponding to c 4 * in the C 

I-,* VfJ 3 " 

matrix and by multiplying every el«ssont so foiraed by »i. 

This we have a table containing a® its owftrie# d. - - d,. , 

V Ji 

4. Analysis for increasing u 

4a. frezvs the result of 3. wo fora a Jxl tab!® with cntiioe 



djt a -* d 

-V- ii 



if 0 < «j» - <1^ 



0 (or a blank) if d, < - d*. 4 0 

Jr* <J** 



J 0~~ 

4b. Vith the results of 2. and 4a. we form a Jxl table with 
entries 





^ 4 




if 



0 < d 







if d, . - d.. 6 0 



00 



(or a blank) 



m” • v* * w 
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This is dene by dividing «*©h entry in the tab}* of 2. by t5so 
eorrespen&isx’ entry in the table of fes, , adopting the cowon- 
tion that ary mrebar divided by sero is infinity, 
fee. For each cclurn ia tho table of feb. we isaeri: the alnteus 
entry. Ibis entry in u, en.1 we denote the call, in which it 

appears by (11), v« then enter this nuraber in the upper 

* 

left part of cell (j 1) and the lower right of coll (j 1} for 

© 1 

each colwsn 1 in Table 1, 

fed(l). *0 fons a new t*ble fresa the resist of fee. by sub- 
tract ins frees each entry in column i the entry in cell «!«• 

If the rests. lad oi* ia positive enter it In cell (^1) of tho now 
table, Other**!** enter rero or leave the cell, blank . In this 
w«y «« fens a table having ea Its entries 

V - v • V " v - ( v ■ V u 0 ( v ■ V 



D (or a blank) 



V -"jt 4 ' 



fed(ii), Form & new tabl© fra* the result of Z , by st£> treefcing 
frm each entry in colmn 1 the entry In cell (^i) , ’ e thus 

for® a table with entries 



° 3 i - v - <•* - v ! ' V V 5 

As will bo seen In (ill) below this operation n ed not be 
executed for those cells { «i) for which tho oorros cndlrc 
entrica in the result of (i) are nonpoaitivo. 



* . 




J* «i 4 W ■« 















.UjU 1*9 **9 Hf » •*» 

y»} U-O %i *1 — 



. 

. 

- 






<*» y 



err 



> •>* </* * ^ 
, * ^1 V *»M % f 



V- - In m ^ ,* ::« «*<«:« «-r * M* .t- IM 

•• • • it, - ' . L-« l I I I W 



- " ' , * ••"’ ° ** 



liftft A 



fed(iH), t'Ms the results of l *&{ I) end wd(ii) »# fora a 
table containing the entries 







If 0 < d 4 - d 



00 (or a blank) 



if 









C 



hbis is accomplished by dividing each entry in the table of 
4d(li) ty the corresponding entry in the table cf £ fd(i). 



adoftinp tbs convention that orsy neabc r divided by ccro is 



infinity. 

bd(iv). '5* lass*- the seinitso* entry in each calusn of the table 
of bd(iii). This number is u.„* and the coll In which it 
appears in denoted by '% then enter this maker in tbs 

upper left pert of cell t) ansi tbo lower right part of coll 

(3„t) for each col win i in Table 1. 'Sote that now beve 

# $ 

specified in cell (3 i) t'm ranee of « in which c* * c. . 

1 * 

for i « 

*Ki(v) . !*«r tban begin $ new cycle st entire with the subtraction 

of the number in cell ( j„l) frm every entry in cdusn i for 

tM 

i ** i,..*,l in the tables of hd(i) and £ Jd(ii> . The procedure 
is continued until at boro cycle, t, we find one of tbo fol- 
lowing conditiorw holding for icm aoXwen 1. 
bd{vs). If we have a preassigtted upper linit k„, en u we iaey 
find that k> ~ Xrdieating th A the chang. e in the s rescript 
associated with free. to ^ occurs outbids (or on tba 
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boutxir.xy) of the interval within which u K«at lie. In tido 
rather ihjtn in the m$*r left part of 
cell C^,_.ji) in Table 1. 



ease we enter 



k 2 



bd(vb) . It is possible at ©case cycle before condition (a) 
Appears far tss to encounter tbs cordlticn 



V* Vi* 

Uj.4 « ., , , ,. <k~ » :$ln 

Vi‘-V ‘ 



c - c. 


\ 


3* ^t*4“ 






d„ <d 


i d. , - d 


3* 3t«i* 


h-l 1 * 


1 



* 

lbs c*»«g* in t bo subscript associated with e. frets to 
occurs at an admissible value cf u, but the fact that the 
second smallest entry in column i Is not exceeded by k incites 

w 

that if i^ +1 ^ is ccaputed it will be found to be outside (car 
on the border) of the interval within wtilcb u Bust lie. This 
follows i'roa the ststanent in Section IA that 



*W %-t 1 
‘ vu 

. > ■** d 

^t-i 1 3t4i* 

In this case vo enter k„ rather titan ti , In the left 

2 t+i£ 

part of call (j^i) in Tabic 1, 

^d(ve)* 'Whether or not we heva «n upper Halt on u a snffl- 
ciarrtly lore® nuriser of cycles will bring us to a cycle such 
that the s ubt faction of the nsstber in coll (hi) will drive 

V 

every entry mtvyocitiva in column i of a. table such ns the 
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©no in 4d(i) above, This indicates that ^ fcr all 

In this ©as# v?«a »s?jr enter 00 (or kg if MBfc an upper limit is 

specified) in tfc® upper loft part of cell (j^i) in Table 1 to 

* * 

indicate that ©^ » for ell admissible u * u^. 

Vben ei xr ©no of the conditions hoicks for a column no 
further analysis mot? be tarried out on that caiman and w® say 
simply loom ©nt tb# oorrospemdinc columns in tho tables for 
(d 4 4 - d ) and (e - © .) In succeeding cycles . Eventually 

one of the three conditions will hold for ©vary column. 



5* Analysis for doersesing us Use enalysis here follows a 
pattern similar to that of the analysis for increasing u. 

W« net© that if we are interested in entlysis for both in- 
creasing end d«er»*3.1ng u tho operations 0 ? he. and 4b, can 
be carried out siawltoneous with the operations of 5a* and 
5b. respectively. The cells to bo used in 4c., etc. (5c » » 
etc.) er® tb« once containing positive (negative) entries in 
the table formed by doing 4b. and 5b. together. 



5a. i rac? tho result 


of 3 * wc 


a ors 


a <?;•& table 


with entries 


d 


- d 


if 


d 


«* di . _ 


< 0 


5©i 
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G (or a 


blank) 


if 


0 ^ d. . • 

V 


d ^i 



5b. --'ith the results of 2. and 5a. wo fusts a J xZ table with 



entries 







m mm f Adi *4? •« mi n wl \ %t 

m ni»wl *rffe 4f V M «# i» ( ti l i 

. i - ■• • • * : - 

m* M lot JU U W4* *« jtJtmmm 

. - • - . * i 

•*• . • * - '* ' - * • * 

r ^ ^ «■* 

* • v* v 

* * 4 *■ 

,r .**.-’•**•- w. 






1C9 





-oo (or a blank) If 0 6 * - d 



This Is Cam by dividing each ®niry in the table of 2. by the 
corresponding entry in the table cf 5». , adopting tbs conven- 
tion that any rrerbor divided by aero is sinus infinity. 

5c. For each coliran in the table of 5b. w* mrk the mjdwxra 



appears fey V« then enter this nxariser in t be lower 

right part of cell (j 1) and the upper left pert of cell (j i) 

o 

in Table 1. 

5d(i). >■« forts a new table free the result of 5c. by subtract- 

ing frees r.vrry entry in collars i the entry in coll (j ,1). If 
the reaainefer is negativa enter it in coll (ji) of tbo not/ 
table. Otherwise enter mro cs* leave ihs cell blank. In this 
way we fom a table having as its entries 



5d(il) • Fom a new table trm the result of 2. by stsbte^ctint 
frost each entry in cah*m i the entry in cell (^i), e thus 
fora a table with entries 



entry. This entry Is u end wo denote tbs cell in which it 




0 (or & blank) 



if 0 ^ «s^ t - 




♦ 

M V* u**V'«* 






V mA “ W’WVV 



V-i,./ 



MW 












V ■'►>“' 



'y* * 4j %> 




«a* * «* 
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As will bs seer. in jkK'iii) below this operation mod net. ho 
ajeacufced for those colls {313 for wfeith tb© c«rre#;j©ndia£ 
entries in result of 5^(1) ar« noj-snogrativo. 

5d(iii). Press tb© results of 5&W and 5d{Xi) wc fom a tsblo 
containing the entries 



(o ~ c }/(d - d ) 

ji Li*- fr 


if 


*!_,* * *0. < • 


- oo or a blank) 


if 


0 6 v - v 



This is cceetispXlshed ty dividing each entry In the table of 
5d(il) by the corref t ending entry in the table of Sd(i), 
adopting the convention that any ntsaber divided by soro is 
zsirras Infinity. 

5d(iv), '■« nest: the mso&surn entry In each column of tb© table 

of 51 (ill) . This number Is a and the coll in which it 
appears is denoted by (^oi) . o then enter this number in 
the lower right part of cell ( j_^i) and upper loft part of 

coll (i -1) in Table 1, Ho£« that m now have e reified in 

# $ 

coll <^ji) the rare© of b la which ^ for 

i « 

5d(v) . /.« begin a now cycle starting with the subtraction 

of mwber in call (J i) fma every entry in cc£Lu»r i -or 

•«s 

i » in the tables of 5d(i) and 5d(ii}» The procedures 

lo continued until at seas cycle, ~t, *© firs:* one of the fol* 
lowing conditions holding for suens calwen 1. 



MM II UK 



. 



« I * 4 ' ^ 

dM 4/h 

k **««*l * * 



Ill 



5d(va) . If we have a nresasicned lows:' limit k on u wo may 

1 

find that, u , , ^ k 1 indicating that the ciiange in tho subscript 

4l 

associated with from to j_£ occurs outside (or on tbo 

boundary) of the interval within which u mx&t lie. in this 

case ws enter k, rather than « . . in the laser right pert of 

i -ti 

cell ( j j. ^ i) in Table 1, 

5d(vb). It is possible at some cycle before condition (a) 
appears for us to encounter tfco condition 



\ t *-~ c 






U -tl “ 



<L 



'-t+l 



r ^.t 1 



> MB 



C 51T c j 



-t+r 



d 



\ 3 - 



•t+t 



I' d Ji 






-t+1 



The change in the subscript associated with from to 

3^ occurs fit an admissible value of u, but the fact that the 
second largest entiy in column i is exceeded by itapliee 
that If ^t-li <N«*putod it will bp found to be outside 
(or on the border) of the interval within which u atuet lie. 
This follows frem the st&tmmt in section I A that 
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-t+1 






-t+1 






-t-1 



In this esse ws enter k^ rather than u 
part of coll (j^i) in Table 1. 
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5d(vc). 1 sot her or not ws hwo a lower 13r.it on u a suffi- 

ciently large number of cycles will bring; u® to & cycle suck 



that fb® subtraction of tho nusber in call (5^1) will drive 
®vcry entry nannegaiiw in column i of a table such ec the 



on* in 5d(i) above. Tfc&s indicate* that ti , f ~ d.. for all 

1. In tills case w* onto? (or k, if such a lessor 13r.it is 

1 

specified) in tlse low right part of cell (4^1) in fable i 

♦ * ' 

to indicat® that C. ® c. > for all acb&ssihl© « » « *. « 

i J ** “^ 3 . 

**%+ 

’••hen »s$r of the conditions hold for a c dlwin no further 



analysis noed be carried out or that column and we rssy alrtply 
leave out the correspeniin^ columns in tbs tables fear 
(dj ^ - d^) «sad (c..^ - Cj in succe®ii«(g cycles. 
Eventually on© of the timsa condition** will held for every 
cdunn. 



In presenting th© analysis procedure wo have s#3t***d 
illicitly that the s*k»«riyts andt era uniquely deter- 
mined for each coluRn. As noted prsvtcwslir this need not be 
true. Ilovovcr if at ©osae cycle ^ oar ^ no ^ ^x^ioly 
detensiind, wo sossy use any of the eligible candidates to sr.sk© 
the next t ram f enaction taking care to enter both u^ 4 and 

in the colls of fable 1 for every 

candidate. 

Upon oa»pl®ting the analysis procedure above w ere in a 
position to detemln* the optiawsl strategies for any adniasibl* 
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vein© of u by Inspection of Table 1. Given a value of u, say 

u s we nark the cell (3i) maefo that the two n’-rdhers in the 

* 

cell bracket (in tbo sasne of oriinary ino^uelitice) u for 
evesy ccu'crai i of Table 1. v% jaay than construct tbo transpose 
of the oytiacl (for u 31 u*) strategy »®tsi4c,(2*}*, by placing 
ones in the cells of a JsL »strix which correspond to tbo 
cisrkocl colls in T&blo 1 aid zeros elsewhere , If r_ore than one 
cell of a column of Table 1 contains entries which bracket u 
in the ®«!« of ordinary inequalities, there are alternative 

m 

optical strategies for *a * c . 

In general the expected loss of a stret ogy » 1* given by 

K 

the equation 

K (a^) « tr (f^C*) « tr (b^C) * utr (i^O) 

* 

and in articular the airdRua expeetod loss when u « u is 

8 <s*) « tr (S* C) ♦ u* tr (S* D) 

This isinbr.a& «aj>eotod loco usually will be most easily computed 
If the ssetrlx operations arc executed first* 

la scr.e problem® we will va*#t t© tabulate the strstegias 
which are optimCL for all adrslssible values of u. The follow- 
ing procedure poraits us to do this in a reasonably caspaet 
fo m wtwm we represent each etvetegy s fe by an 1- tuple the 
1-th eloKorrt of which is the subscript 3 « cf tba rew 

in which the one occurs in the transpose of the strategy aatrix 



Vo first rank the u ’s for all t and i. Sr$r there aro 

wl 

V * 1 such critical values which wo nay denote now by 
^ u* A ... *- If w© have ^/reassigned limits 

and Uy f ^ « ko. Otherwise we state foixaelly that u^ ~ and 
Uv+i *oo. Vo lot the first eatsy In row v of a ¥x(l+i) table 
bo u^ for v » and wo note u^. et the foot of the 

first color, -xi of this table. In the remaining 1 cdximna of 
ran v wa enter the I -tuple representing tbo optimal strategy 
for xs such that x* v ~ u ~ for v ® 1, This I -tuple 
is obtained by an inspection of Table 1. Socks special pre- 
vision such as expanding rax v to two or more rows will be 
required to record alternative optimal strategies when they 
exist for all u such that 6 u u. Of course when a 
38 u the strategics represented in rows v-i and v are both 
•ptlsal. 

While this i roeodurc yields a list of all strategies 
which are optimal for some adsieeiblo value of u, it does not 
tell us what to do with th© information in torus of selecting 
a strategy for use or restricting u jaore stringently. In 
this regard the ideas discussed in Chapter 3 remain valid in 
the one dimensional case although here the problems encoun- 
tered may be somewhat more tractable by virtue of cur 
dealing with only one parameter. 



I C. rbcsaples of Sensitivity Analysis t In this section wo 
Consider two examples of sensitivity analysis in tivo absence 
of si»id.lfying assumptions of the t yp© to bo introdaeed Inter 
in this chapter. 

1C 1* Ibcass.pl© 1? Wo first consider m oxasplo which, 
although trivial in ieras of mudysia (the result is envious 
fraa an examination of the criterion matrix in Chapter t), 
is of sm© ir^sortanc© in finite statistic®! decision theory. 
We presume that the loos matrix can bo written cs 

b* = L + uS 



where we require that E * L and u bs greater then -1. Follow- 
ing tbs procedure outlined la Chapter 1 we obtain the matrix 
from which the optical strategy nay be determined as 

c » G + a C * (1 ♦ u) C “ h C 



where C ** and u greater then -1 itsplA&a that b is positive. 
The inspection procedure for the determination of the eptirusd 

strategy matrix, for a given value of h entails finding the 

* 

r.iniam element in each column of G , but for positive h wo 
hava 



Kin c 

4i 



$1 



m 



b ?!in. C -4 

3 > 



Therefore 1 the optimal strategy is completely insensitive to 



il 6 



variations in h. V* restate this result aeying that 
the scultipXl4MstloiB of ©"my «X*wmt of tba leas' sar.trlx by a 
positive constant win net alt *ar the optlr.il etrateggr. Of 
course variations in li Influence tfcs eim&m expected loos 
because 

£ (s ) * tr (3 C*) ® b tr (3 C) 

© 0 © 

X C 2, ^xmpiiet 2s This 0:,&mpl9 is presented to Illustrate 
the analysis procedure of ©action I B &nd the bso^Xing of 
probability distribution information in the fern of a mr- 
giml distribution over indications and a posterior distribu- 
tion over states of nature, 

consider a simple imreniesy aystca for a camoiity 
subject to such deterioration that *ny unit bold for longer 
than am week Ernst be discarded. v 3e preeuee that require- 
rsonts for the eaasedtty occur only during tfco five-degr 
parted Sonctey through Friday and ttsat the detsaoi process 
con be reprose sit ed as a Markov chain in equilibria©, I^ocr© 
precisely, o « n-i for npi t .».,6 are the requimsenfcs to 
be expsrieneed "next** wtok and ore r@la.tsd to the require- 
ments e^^crianced w thte” week, js^ * i-'l for 1*1,,,, ,6 fcy a 
transition or posterior distribution matrix, Q, giving 
frdb (8 n “ n-1 1 i~l). 
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The prior distribution, i rob (x^ 


* i-1 } , of the Indica 



tions la 

(. 14 , . 13 , . 13 , . 18 , . 18 , . 14 ) 



and because the process is in equilibrium it is also the 

distribution, Prob (6 * n-1) , if we have no information 

n 

about the raquirersents experienced in preceding weeks, vie 

can arrange the prior distribution in a diagonal matrix, f, 

end ccnpufcc the joint distribution .'rob (6 « n-1, x. 53 1-1) . 

n x 



.070 


.054 


.018 


0 


0 


0 \ 


,042 


.072 


.045 


.013 
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.023 


.036 


.054 


.045 


.013 


0 
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.013 


.045 


.054 


.036 


.023 
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.018 


.045 


. 0?2 


.042 
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.013 


.054 


. 070 / 



On Friday evening the requirements for M this 11 week are 
noted a nd an order is placed for a » j-1 (j * 1 ,...,6) units 
for Monday corning delivery, be never order more than five 
units because any excess over Baxtarn desnand would surely be 
lost to deterioration. b suppose that the objectives 
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governing the decision era 



0* i '1 sards© to® irrJ>«r of units not used during the 
week. '-‘o can exirross the jnsaoure of efficiency rela- 
tive to Oj m 



2 o 

1 



V 9 " 

0 



n if © ~ a. 

n J 

if 

n 3 



«8 take the acol© of measurement of *. «e our standard 

1 

loss 0C8l«, i.O. V^Ca^) * 

C 2 -' Itintoiae tin? nmbcr of shortages (requirements that 
cannot be fulfilled out of stock) during tbs ’reek , us 
can express tha M«sur« of efficiency relative to 0 o as 



if 8 ^ 

ft 



a. 

V 



d - a. » R - i 
n 3 



If © > a 4 
n 3 



We asoiKu? that a procedure such e.s the one discussed in 
Chapter Z (section III A 2c) yields en estimate of u^(s_) 

iCr 2 

in to® fora of twe bracketing po&ncnlaXs which la 
equivalent to 

°2 <V * *2 + «S5 <4 ' • l =l ) r * 5 4 c 2 4 5 

where 1 ~ 6 2, 

and that w® us® an average value of to express the 
value function which transform s 9 into the standard 
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or.lte as 



u, (O « s 0 

*C *+ 



1.5 (sj 



.1 s|) f or 0 6 b 2 6 5 



The construction of th® loss matrix now ecneiets of 
entering the appropriate valus© of 3^ or in ©ach ceU 
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To clstei*.lae the optical strategy wo first confute C « 
Ii</ j end then find the rdrrhsm element in each column of C 
(indicated by underscoring below). 
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Th * ,rtrat * ar ' v ora be r * l,r *’* n ‘* i * th * **=* 



(1. 2, 3, 5. 5) 



It incorporates a safety factor sg&inot chert; gee by c:*derijjg 
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for 'v "rnirt" '-'cok requirement or.? tarsi* -roster than that 
observed ”t iris" week. The scirsisnss fstp*sctc*S loss Is 

5 (o^) « tr (*%C) * 1.135 

S ee&usKS this strategy is based on &» «st2**t« u **1.5* 

questions concerning its v«liditj raay arise. c ssight ask 

how far Ugg can vary (within the iteits of the bracketing 

coniiiims} from 1,5 before this strategy coo.s#e to be <cyil~ 

msl. To answer such a question v© nay lot u * u - 1.5 

£2 

roprecent variation© of from its icid-mxje value in which 
case the bracketing restrictions on becaao 

-.5 6 u 6 *5 



0 express tho loss matrix se the following linear function of u. 

I* * L + u g 

where R is 
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because variation® in 11 Influence loss netrln entries via tl» 
multiplier (a^ - .ia|). 



ly'firnlr* the sensitivity analysis ve carers the 
jprtri v frcn vh*jte the optis m& strategy if* derived as * linear 
function cf u. 
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Ignoring the underscored elesaerjte In I) for the mcnent v?o 
begin tho ssrssltlvity analgia nrocedtire wltb step 2 deferring 
the present alien of Table 1 until later. 

In step 2 'ito subtract the arrJerac^red elements in C above 
free ell al«£*nts in their respective colttens to detain the 
fellotfics table* 
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In step 3 ve subtract the underscored elanente in 0 above 
frees all elements in their respective oeluem and r^weroe the 
si^m of tho mMiKden to obtain the folld'icg trble. 
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-.277 
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-1.141 


-1.651 


- 1.455 
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-1.103 


- 1.026 
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- .233 


- .262 


025 


.016 


.016 


0 


- .049 
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Beecuso w© will analyse fc r bath increaeisg decreecing 
u, ve carsbim eteps 4b and 5b Incorporating 4& -^nd 5al&t«r. 

Wo divide *edi entry in the table of s tep 2 ty the eont^pond- 



! entry 


in the teble 


of step : 


3 tc -feta 


in the following table. 


-1.500 


-1.532 


- 1.755 


-1.303 


-1.316 


-1.356 


t oO 


- ..524 


- 1.531 


-1.754 


-1.626 


-i.075 


1.633 


;5oO 




-1.531 


-1.734 


-1.991 


7.33? 


7.339 


+00 
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-1.S21 


12.«44 


13. 500 


7.309 


loO 




~x*m 


13.500 


£9.611 


is . 500 


7.339 


loO 


too 



Considering the ^aelyslt for inciw^sine u first, w© note 
that step 4s **h& 4 h^ve 3o4! to the eesigment of <*> to every 
cell containing % nonspos itive antsy in the tcble above . Upon 
ttcmimtion of the positive entries in the table ve find that 
all of tbees exceed . 5 , tbs upper Iteit on u. Ylsereforo by 
condition 41 (vs) the opttaei eiralegy will not change tar 
positive atteiseible valnos of u, end we s»ke the entry .5 
in tbe upper left part of the appropriate colls In fable 1 , 
;itep 5 s in the snalysis for decreasing u would huve led 
to the assignment of to evesy cell containing a nonrjegaiiv® 
entry in the table above. Vpen exeaiinetion of the negative 



m 



entries, we find that except for the fifth cclirn the raaidiaus 
entry in etch coXurn (indicated by lacdersccrins) i® less than 
-.5, the Icwcr Unit on u. Therefore by condition 53 (vs) we 
enter - . 5 i« the lower right part of the ay„. ropriata colls in 
Table i, The second largest value in tbs fifth coltisn is 
-1-5* Therefore by condition 5d(vb) no other cb&nge in the 
optimal strategy will occur for negative admissible values of 
us vm enter --IC5 in the lower right part of cell (b,b) and 
tapper left part of cell (b, 3) and enter -.5 in the lower 
right part of cell (b, 3) in Table i. 



0 

1 

o a. » (;H) 

c 

3 

4 



st t-1 




5 






' „« 

•/ t* | W !**• 

, . . ' . - 

1-1 . • . 1 * 1 

• . • ' 



V a*M ‘i- J a. i Mtlffpr V LU* C"-'* ■* — 

• . ' ’ 

.*•«-*• . '• 4 ^. * f , *- 







e 



o 

r 

s 

6 



_ £ f- 

K 









0 






\ 



-V V 

l\ 



V x 






\ 



\ 



\ 



\ I 

-~ \|< 

\ 



1 

I 

\ 



I 



\ 



K— ■' 



\ 



\ 



M— \ 

\ *. 



c 1 



2:\ 



3. \i 



f 

- jv. , ... . 

'• I \ X \ 



\ V1 




\ 






\ c. 

?.- x - 



\ t. 



i 



c.- _\j 



\ 



K 



\K 



\ 






K 



\. • \ -N 



\ 



\ 



\ 






’•a also moy suwiari*# tlie strategies which ar® optimal 



for all admissible values of u ss follows. 



Strategy 


Critical Values 


strategy 


Designation 


u 


e+0* 


Description 


c i 


-.5 


1.0 


d.2,3,4.4,5) 


S 2 


-.135 


1.315 


(1.2.3A5.5) 




.5 


2.0 





That Is far -.5 6 u ~ “.135 !• cptiml and for -.105 6 u 6 

3 is optimal. 

2 

The range of expected losses which way be encountered using 
either of the two strategies depemd* on u. 

For u » -.5 for u ~ .5 

1.075 6 E(0 6 1.197 

1.093 * £<s„) 6 1.172 

Given thia Information on the sensitivity of the optimal 

strategy to variations in the polynomial value function, 

■UgC^). within the Units of the bracketing relations, vr® 

still have to decide whether to simply select a strate^r for 

us© new or to attempt to restrict u (z ) nor© stringently. 

2 2 

If we decide to forego additional analysis six! to use 
the strategy with the largest optimality subset, wo will 
select Sg slr.ee it is aptiwel over & longer interval tlian 

Is s . , If on the other hors? w« decide to further restrict 

1 



tba results of tbo analysis neb© it sock reason hie 

* 

to first try to obtain e M* U 2 (® 2 ') poIyn-jRial, Zor GYssztpl* 
if wq can alter vu(c-) fr-cn c 0 + z% ~ .IsS to 2k. + 

A* 4i w *-* fc * 

? 3 

i*5©2 w ® M ~H bsv« rwrtrlctsti u^Cs^) enough eo that 

* 

only aig could bo cpfciaal. Of c ours a a r® u^C^) night not 
zkaterlslfttf* in such a cow@ni@nt fora, and *<o Right has© to 
again go through tho process of reducing the bracketing 
illations to linear restriction* on the coefficients of u (£,,) 
followed by anefcher analysis conforming to these 
restrictions. 

I C 3. fbawple 3 1 v-hen tbs peraneter under consideration 
influences only the losses «qi©ri«ne©d under a particular 
state of nature, ©ay 8 , only the ®,-th cclu:n of 8 contains 
nonsoro entries. Thus we can write ts«» entries of 0 as 
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and can egress th© general statements of sect ion A a© 
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for t * 0, 1 

This asawaption in itself *$om not bring wy shapllea-* 



tiono of the encl^i o procedure within reach, but when it is 

by the specification e, « 1 (j * 1, . . , , J) we 

*$& 

ham? £ case that is of sens teportano® in finite statistical 
decision theory, the addition of an arbitral^ constant to the 



elements of th© loss esatris which correspond to a p&rticuisr 
state of nature. If w© let t * 0 in the tvo egressions 



above w© will find that 



the criteria for and 



cannot 



bo easputad because there Is no 3 each that « is loss than 
cr o . is less then o. . In s action J ho s -posted 

V 3 0 * 

that this situation co'.iid bo VMMiif represented by ** 00 
and u i<s « -oo. in otter words the optimal strategy is 
totally insensitive to variations in a parameter a such that 



« 

L ® i + a F. 



where one eoluan of contains ones while ell otter eloRsnts 



ore sere. 



Clearly v« can repeat this analysis for each state of 

nature and draw the conclusion that th® optical otntogy 

will not b© altered if we replace 1 isy 1, + g(S > fes? 

$n in n 

,3 ® i J ami n * i,...,S where g(s^) is a function only 

of th© state of nature . In particular we can select 
such that 



- £(y 






for n “ i,« ,.,H 



a**3 cm r *tmk with what wo may cell, fallcedag Cbomoff end 
Hoses (1959)* ^ regrets,” i.e, the losses incurred Sy tailing 

octioics, In the presence of states cf nature, $ , over 

0 n 

and above the nlntaust leones attainable ureter 6 . with this 

a 

formulation the y of Chapter % (section II) are referred to 

as ’’risSe#** and £(0^) may bo called tlw “talnirsm expected riefe , " 

Furtbewsere wo ©an combine the result of this cxxtple 

with that of ax*ple i to produce the statement that tbs 

optical strategy '-dll not be filtered If we replace by 

g(ft n 5 * h 1. (h>0) for J and n ® In 

particaLir when we set g(9 ) * g where g is an arbitrary con- 

n 

st ant , wo here the stetts'ent that it Is sufficient (although 
not *1 shay* twees® cry) to ei^clfy the loos matrix urfLque ^ to 
a positive linear trims Comet ion in order to detect m sm 
opt total strategy. 

XX. Anolvals ; -bcn tj Contains. .Hon-£e.ro Slqatnta in Prig. 0— 

2n this section we consider the sensitivity of the opti- 
cal strategy of the finite statistical decision problem to 
variations in * parameter which affects only one row of 2), 

"uch a pa remoter could be one that Inflmensas only tbs 
looses associated with a partied or terminal actio®. Then 
only cm row of F (and eomaopsew tly only ona row of 3 ® ) 

eerrteins non-sore- elenente* Two special c**«s icey scr-otiaao 
be of interest. One is the case when every element of the 
non-aaro row of 0 is unity which represents nnslyaia of tba 

















I 



< -V* 



seneltlvity of the optiml strategy to the addition of on 
arbitral? coeeiaaat to every loss corro«^otv*lng to © particular 
ierain-sl action. Tno other is tbs ease when t»o norv-sero rcw 
of ^ is a unit vector which repror.onta asalyeis for vcrictioiw 
in on* o lament of the loss j.u*hri 2 :. 

II A. Analysis of Changes in the Iptiaici dtr&tegy: Tho struc- 

it 

tore of the C r»atrix used to a^jeclfy the optisal strategy is 
evefa that the ansiyeie proooJure can be simplified ubcn I) con- 
tains non-aero entries in only one raw. In the general dis- 
eusslon o« will aesine that the non-aero row of D is arbitrary. 
II A 1. freXiatimi'y disc use ion ; It will bn coinrorsisnt for 
purposes of discussion to cssuro that tho rows of C ami .0 have 
bo«n labelled so that only the first raw of 1 contains noti-ssro 
elasente. Vith this labsllln^ ve con writs the ©lancsts of 
C* « C 4. li) 88 



* c 14 ♦ nd 4 . for 3 « i 

cm. « c ., + u * « i3, 

di ji Ji „ * _ ,, T 

Cj,^ for 3 * 2, * . . , J 



Therefore only the elements in the first raw of C vary 
with u, end the question of the subscript J associated ■with 



<f * 

O* ^ a Jit) C 48* 
i 4 J3. 



for 1 * 



simplifies to the question of whether or net 



& o, where c. . 315 Ilir. c .. 
-i 1 V l<5 * 



* 

c ii 
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for various values of u. there are at Koet two subscripts 

« 

associated with for my u, 1 end If a chcrsge from am 

subscript to the other takes place at all, it occurs at either 
u - u^ or u * hbothor a change does occur is found by 

exaisining the expression** for u and u ^ of section I A 
which bore ©feplify to 



%1 “ °ii 



Hi 






'Hi ^ u i 
u -n u \ 



is non-negative 
is non-positive 



A todious but straightforward exaRinetion of this egres- 



sion for various values cf d i4 , c.., and c, , produces the in- 

li ii 

formation needed to specify the subscript associated with 
for any value of u. This information is suusarl&od in tho 
following table. 




C J i i >C li 

c j i i =c li 

V*** 




If dj^, c i4 , and ^ nro such that u^ falls in a coll of the 
table marked by tho superscript 







ta* ’ > - % 1* « 1 • ■••*'! * •*' . ° 

git gl Ito •* g mi* +3 
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{*) u i ncrercoa tbr^ugb the sv^cri/t B*®oel&t«e! with 

* 

c. cfc mr&m £rm 1. to !• That i» 

i x 





for 


u 6 U 1 


* 

li 


fear 


«s 4 

tt * 



(++) as u tttcr*as« thresh tt»» s Script aseo«ifi,tad 

* 

with change® frets l to That is 



* 

°tl 

i *«■ 

v i 



y 

u » 

V *$“*■ 

u&v^ 



' bon is nan-aero It will fell in ana end anly cao cell 

•X* 

of the table. In peKiculer if * 0 end c -» i “ ^ °» 

U, * - 00 according to the convention that a positive (negative) 
•*» 

nasbar divided fcy aero is plus (minas) infinity, lias infinity 

symbols signify that there will be no ©hsngo in tbo mtbeeript 

* 

associated with ae u varies erM. trasdly. If u, is coro 
it will fall In two colls of tbo table, one on tbo loft and 
cm on the right, representing the fact that *» « . l4 ® 0. 

If both nwRsrator end dencatlmtor of tbs expression for ^ 
ere aero, * o/o Is indeterminate and there is no coll In 
the table cexm to accasodate it. In the context of sensi- 
tivity analysis this ©cans that there will be no cheege in 

the adscript associated with ns u varies crhitrcrily 

* 

bscatvso * c-,^ ® e*, ^ for all u. 










i* 







Uj 4 
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If |J(4»< f 
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II a 2. Analysis proeadar#? .© may use the results of the 
preceding discussion to devise » series of 2 u:jr<tpuXatlons on 
the C raatriac that win ewwart tt to a icra such that wo can 



iitsmea lately specify an optiaal strategy for any value of u. 
Given the matrices C and S wo may proceed as follows. 

a. In each column of 0 wo mark (®.g. underscore) c. * “ ilia c <A 

h i<s 0 

b, For each column of C we connate u, * (c^ ^ and 

enter this nvtaaer st the foot of colujaa 1 marked by a super- 
script + or +* according to the position cf this in tins 
table cf section 1. If * o/o we need teaks no entry. 

e. Ge ream. nge the ccuioans of G (i,®. relabel 11*5 Indica- 
tions) so that the row at the foot of C can be divided Into 
four groups as is indicated below. 




The eaLwms within croup ii are ordered sc that, 

- < Uj 6 ... - up <r . The ordering of the 

1 1 2 

colmns within groups i f ill, and iv is arbitrary. 

If fMmp i is oepty we set I. * 0 and define u * -oo tc 

aid In formally specifying an optimal strategy afhan u is less 

than u^. If groip ill is ocipty we set 1^ » tmd define 

Uj for purposes of specifying an oytts&pl strategy 

2 






... . 7- • r •» . i y 



• 


* 


4Ai * 


Ml ilM 


■ 0 MW 


^ V Miff 1» %M 


•<nai 






mb| 




. . ... ~ 




T * ^ 


•9 



• < . * ^ , . - • ' ■ ■ « -« «I *• 

* t | ' V 

u I • 

«£J «l J |Ui V MiMw I tfl 0f P^» •• m • • M** 
- I T 1 "9 *'< >» *f-4> > * 4 ^ •• 

l^l i |ny»/| a* |ft| I W A ii •!) Ck '• • I * # (* • 45 ' 

- ’ 







( 

« 










$ 
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•• 
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... 




' . 






1 


Oj 

1 


... 


CX5 


*4- 
• ! 




0<* * 




C 





• • v *-#-.—»• •*' . <o % ft * . * %• * * .. T f >Jo * 

^4 U l<|l |1 •V r ’^ ^44' ® 

c*. . ^ -*rw 4 ,1 +* m ^ *: 

. ^ » «^» 5r-»Mn v* ^ 

•M««a J* J l^lVi Y* -1 






‘**V* 
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when u is gi*eater than If both groups ill arxl iv ere 

amply v® eat I 0 *» I. V*s do not eomtder the trivial cos© 
when gr«f li is asrpty, i.e. D » 0 &ni the opt&sal strategy 
is totally instmitiv® to variation* in u. 
dt. Tor tfco columns ©f C with v 4 xarked by the superscript 
+<«•) Kiirk by tho superscript +(«+) mnd ^ by the 
superscript *■+(+). 



After Vm ccwpleiloa cf this proeodur® we specify 

the optical strategy ?;strlx for any given value of u as 

follows. find r end t (X. * r t 1 ** t, r*t « X„ *• 1) 

1 d 

such that 



<v <• « < vt 



Our uso of strict ltr*iualitl«a here ircplles that 



tt • Vi - •** B W 

' e fora the transpose of the optimal strategy matrix by 
pis c ins on ® s Xn the following cells of a JxS matrix* 
n. In cells corresponding to tho superscripts + in 
C for cclwai i,.,,, r (not applicable if r * 0) 

©. In cells corres^on-’tng to the s’jperscripts ++ in C 
for column* r*t,...,X (net applicrblo If r*t * 3U A 1 » 

V‘>- 

c. In cells corresponding to either th© superscripts -*■ 
or ’»■>• in C for columns (rot applicable if 

t * t). 



*1 











U*gt# •"! •!*>'«•« **** 




/ 
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d. in either cell ( 1 , 1 ) or (3^,1) in c€X.mm for which 
is indet ©Kainate (columns 1^+1 , . «.,2). 

The transpose of the optimal strategy matrix 3 xs ccrcpleted by 
entering zeros in tho regaining cello of the Jxl matrix. '*"<> 
note that if cither c. cr d. above is applicable there are 
alternative optimal strategies for tho given value cl' u. 

21 8. The JCininiua Expected loss j Tho expected loos of cry 
strategy, 5^, is the following linear funetien of u. 

K (a, ) • tr <S C) + u tp (3D) 
k x k 

In particular if s _ is one of the optimal strategies when 

Ox 

u i ~ u 6 ^ 1 ^ 1 ^ Ig) the sinimua expected loss is tho 

following pieoe-wiee linear function of u. 

B (e } « E {# ) for u. * u - «*,. ,2* 6 ± 6 1 ^ 

O Oi X ^ 

In section 1 we found it necessary to compute tr(-^C) 
and tr(S^p) by matrix operations for each i in order to 
detensdno tbl# function over earns interval. The nature cf 
tho problem in ibis section is such that the use of another 
method can save considerable effort If w© wish to express 
E(s ) ever on interval in which several strategies are 
optimal , 

II S i. 'Preliminary discussion: To develop tils method we 

first present seme r ©Is tiers assong trCf^'), tr( «w). 



to 





al % '4*»l 

« v 







V .«> * * • kS • 

. ' - ,- ./•• - ' / 




. ..„ H- ... - - • • 



1 of< 



and tr(S w ^D) which hold uftor completing the 
©••lysis procedure of Beetles A. 

The ordering of iho columns? of 13 is th® •«■» an the 
ordering of the columns of 0, V.« racy Attach the saue super- 
script (4- or •+■+) to d as i a attached to end e^. Toon 

because of the msnao? in which S is constructed, «? con 

©v 

exprees tr(5 D) css 



, x $sr » +* 

tr OLJO *21 d 1± -f i 

w 1*1*4 i«v+i 11 



for 3^ ^ v 






That ia v» sues the cl as sots of 0 juarked by the superscript + 
for colmns 1^*4 through v ssvi those ©srked by ++• for columns 

V+-1 through 31. Sscauce d » 0 for 1 < 4 and d « 0 for 

2 31 it 

1 6 and 2g < i, these alcKsnts of D do net appear. © 
drc&> the first sumption above to obtain tr(3 T D) end the 
second sanction to obtain tr(3^ D). 



when 



i*j less than 



SrH 



the equation above follow© 



directly frees the structure of 8 , when * u . we 



ov 



V*i 



define 9^ to be that strategy eaong strategies optinal for 
u ” \ 'Vh *- ot "the equation holds. 

The fallowing relation can be distilled frees the results 

of examination of tr(8 „D) - tr(S D) for various eosbitvs- 

CVS-i ov 

ti am of superacripts on d^, . 5 1 . . . ,d^ . 

1 2 



tr <V*»S> " tr (-V3) *s^j for q * v < lj,-l 




: s 4 1 
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whore 



tf u v J -l k® 3 the superscript + 
tf ^V'i h^ 3 the su^rscript ++ 



Similarly beccvs* of the su-uner In which 5 . Is constructed 

ov 

we can express ir{3 C) es 



That is we sum the elements of C jasrfcod by the superscript + 
for colmm 1 through v, those narked bgr 4+ for columns v*f 



indeterminate. hfren 3L « I w© drop the third sceaaatlon above. 



and if wo drop the aecond awenstion above to obtain 

tr(S C). 

As was noted in connection with tha eccsputstion of 
tr(S 0), when we have alternative eptteal strate- 

gies to choose wwi wg . for our castpuiotion of &{« 0 )» adopt 

tha convention of using a® e that strategy for which the 

ov 

given ©questions for tr(2J) and tr(2J3) hold. 

w» OV 

Thseodraticn of trCS^^C) - trCS^C) for varices ocrchina- 




fcr X 4 - v ~ 

I «& 




for those ccCLuans having % 

a. 





* • • • * 



d,. yields results that 



2 
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can be condensed into the fcllowiap relation# 



tr * tr 0^0 * h v4l for I, * v - Xg ~ i 



where 



r+1 



- <©J Vfrl - c lv .f.i> lf % n h*» the w\r>«rrccript + 

(c^ c iv . v :> if has the superscript *♦ 



' # further note that became *» (c^ ^ - c^}/d-^ we can 

i 

relate and as follows. 



* l * i 6 Ig 



IX B 2. Ccaaputciional procedure i The relations above suggest 
the follcv3r»£' procedure when it Is neceaacry to cowpwMs 
several tr'S oi C) ami tr(r>^D) In order to represent L(a 0 ) ns 
a pieee-wtes linear function of u over state ran£» of u, 

Vc first me Matrix ope rations to compete tr(5 0) end 

0V 

tr<S D) for one strategy, s w , which Sc optimal scawwhara in 
the interval with which wo arc concerned ami than wc construct 
a 5>tl table ct the fc-ot of our C nstrir. the rows of which are 
determined as follows, 

(a.) Row X contains the u^*s and is already determined 
fcy the eoatyels procedure of section A. 

(b. ) fow 2 contains tho g^*s which are obtained using 
tlio D matrix and the specifications in section 1 above. 






> ' > . : < , • 




N l ' - . ■ 










» V 








Ml to ^ • 







* 
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(c. ) iicw 3 contains tfca b^’s which cro ohi-tnod ty 

Multiplying the entry in row 1 by the entry in vow 2 and 

©rvterinc: the result in row 3 with its sign reversed. 

(d.) • cm 4 eontaitvj the tr(# .C)’s which ara dbtslnod 

by first entering tr(3 C) under u,,. Then tr(3 C) is 

obtained aa the sun of the entries in the colls on the left 

of arid above the call in iw 4 under u ’ e t&s y repeat 

this process for columa to tho right of u^ as far as la 

desired. Then tr{3~ C) is obtained as the entry to the 

or ■•■i 

right of its cell. nine* the entry iamwdictely above its cell. 

my repeat this process for columa to the left of as 
far as is desired. 

(«*) Row 5 contains the tr(5^>) 'c, •** first enter 

tr(3^D) tester u^. then trCS^. ^I>) im cowyeted ty adding 
the entry in row 2 under u^ f . to the entry in row 5 under u^. 
Vo Kay repeat this process for Colusa* to the right of 
*s far as is desired. Then tr(S^ „D) is coKiwted by sub- 

QV-X 

tractive tb® entry in row 2 urrier fma the entry in row 
3 tmd«r u^. V« ®ey re 4 >eat this process for columns to the 
left of as far & s is desired* 

!<© not® that these computations need net bo carried out 
in colmns to the left of a colu;>n for which is less than 
kj (or » -oo) or to the right of a column for 4iUI 
is greater than kg (or u^ * o° ) where and kg ere (*P*» 
assigned lower and upper limits on xi. 
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II G, ripple of :oneitlvlty Analysis (njcsaple i*)i As an 
illustration of two aspects of sensitivity analysis for 
variations in & ainfjlo p«r.*ioi*r »« consider a problen 
suggested by Eimhaira and MkxkiII (i 960 ). Tba dacisi.cn 
problem Is to classier an arriving patient Into one of t'r» 
four brood psychiatric diagnostic categories below. 



^tate of nature* the ;=atient Prcb (& n ) 

belongs in category 

9 1 s Jfeuretic A&l 

©2 ! Gchl* ophrenic .237 

Affective disorder .157 

C^s Abnormal personality »1&5 

1.000 



Ae tsk# ©* our prior distribution here tho prior prob- 
abilities cat basted by bi mbr.ua snrt f'axwell fx*csa a oasple of 
patients entering two i.-ondon hospitals . 

The e^eriraentel pro# ©dure consists of determining the 
presence or absence of each of nine characteristics. 

Theoretically there are 2^ « $tZ diagnostic Indications. 
In & sample of 772 patients reported by blrnh&us and lauwell, 
173 Indications acbeaily occurred while for purpose# of ex- 
position we will aosuae that only the ton following (a check 
indicates the presence of the characteristic) are possible. 
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Diagnostic Indications 



Cberocteriotic*. 


*1 


*2 *3 


*4 X J x 6 *7 *a *9 *10 


Hysterics! symptoms, 
life long or episodic 


K 




V 


Anxiety 




✓ 


/ 


•chisophrenic type 
thought disorder 






/ 


Depression 






</ \f / 


Compulsive acts and/or 
obsessional thoughts 


✓ 


/ 


/ 


Lack of confidence 
when in society 






✓ ✓ / l/ 


Definite mood variations 
before present illness 




/ 




Impulsiveness and/or 
aggressiveness 






r 


Hypochondriacal attitude 
toward illness 






V * 



Vo will take the following matrix ss our conditional 
probability distribution f*. To emphasize that the nussbtra 
in this matrix do not represent real data, we note the data 
of Birabauu e nd Haxarell would load to the estimate (.0381, 
.0541, .028?, .0183) of the probabilities in the column under 



Diagnostic Indications 



*1 


** 


"3 


*4 


X 5 


x 6 


*7 


*8 


X 9 


*10 


20 


.16 


.06 


.10 


.12 


.13 


.05 


.06 


.04 


.08 ' 


0 6 


.05 


.15 


.25 


.10 


.08 


.07 


,ob 


.10 


. 1C 


05 


.03 


.0$ 


.03 


.03 


.10 


.30 


.20 


.05 


.02 


10 


.03 


.12 


.03 


.c6 


.03 


.03 


.00 


* ***+ 


.28 , 
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Of. 
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1 * 
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*.\ 


1 . 




! 
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Itf. 


ii. at. 



\P* 



v.ffter arranging the prior distribution in a diagonal 
matrix, / ;s acy confute the joint distribution aairix. 






,092 


.074 


.026 


.046 


.0 55 


.060 


.023 


.023 


.oia 


.037 \ 


.01/* 


.012 


.036 


.059 


.024 


.019 


.017 


.009 


.C2b 


.024 


.003 


.005 


,01b 


.013 


.013 


.016 


.Ob? 


.031 


.003 


.003 


.01 5 


.012 


.01? 


.012 


.009 


.004 


.oob 


.0CO 


.032 


.Obi / 



bo consider five actions, to classify the patient m being 
In one of the four categories assigning fciie to a clinic appro- 
priate for that category, or to refuse to classify the pstiont 
pending fwrtiser testing, ‘e suppose that we accept the follow- 
ing a a our loss nstrix. 



states of Uttiiaee 



L « 



! o 

i 
i 
i 
u 



$•■ 



a 



i 

0 

1 
l 
u 



*3 

1 

1 

0 

i 

u 



*b 

M 

1 

i 

o 

-/ 



Actions 



x classify as novrotio 
a^i classify as »clJ.*ophr<wie 
a s classify cs affective disorder 

3 

s^» classify as sbnorsol personality 

& s refuse to classify 

5 



where u Is the expected cost of the p ro e ed are to be used if we 
refuse to classify the patient nm which we e.^reaa as a frac- 
tion of the cent of rcts cl&ea if ying & patient. 

It is j;*«ssible that rather than toeing a tingles masher, u 
is a function of the ioiicatlom, u(?c 4 ). f or escrsple if m 



im 



refuse to cXsmify the patient now, iho additional testa per- 
formed after c^cerving may be diffcx'ent (and either roro or 
leas costly) than tho teats after observing On® resson 

for s sensitivity analysis is that If we find all u(x^) foil- 
ing in one of the intervals within which the optimal strategy 
Is insensitive to variations In u w» can avoid formulating 
the viuch mere complex model that is required if the relations 
Wtween the indications and future tost procedures am to be 
explicitly considered* 

'*& recall frcsr examples 1 and 3 that to specify an opti- 
mal strategy It Is sufficient to measure the loss matrix ele- 
ments unique up to & positive linear transformation. Thus we 
could replace aero and one in the lass matrix by v and er v 
re* actively without altering the optimal strategy. Of course 
such a replseewent would alter tb® origin and unit of Measure- 
ment of the scale on which we measure u. e eeplcy the nuxboro 
sero and one here m a matter of eonvenionce. 

v% first observe that if u ® i (or greater) e tiill never 

5 

bo selected in an optimal strategy beceuo* a dominates etch 

5 

other action in the ssrtse 1.6 1- for d,n « i,...,*. lot 

Jr 5» 

us set u » i end exfsaina this optimal strategy derived fros 
C 98 I|( ? « 
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refuse to classify the patient not'.’, the additional testa per- 
formed after observing x^ ray bo different (end either wore or 
less costly) then the tests after observing On® reeson 

for s seas it ivity analysis is that if we find all u(x^) fell- 
ing in one of tbs intervals wltliin which the opttosl strategy 
Is insensitive to variations in u we can avoid formulating 
tb* such snore Comdex nodol that is required if the relations 



between the* indications and future test procedure® are to be 
explicitly considered, 

»3» recall fron exmplea 1 end 3 that to specify an opti- 

isal strategy it is sufficient to Koa-sure the loss matrix ©2c- 

iser.ts unique up to a positive linear irons f enaction . liras we 

could replace saro and one to the loss Matrix by v and w v 

respectively without altering the optical strategy. Of couroo 

©web a rspl^vofiicnt would alter the origin and unit of wsaauro- 

ssent of the scale on Which m jseasure u. '?» •epic# the nuebere 

»ero and one here m a mi tor of convenience. 

*»% first observe that if u * 1 (or greater) e„ will never 

5 

bo selected in an optimal strategy because a dmtooios each 

5 

other action to the sense 1 ^ 1^ for 3,n c Lot 

us set u« 1 and oaemtn© tbs opiiml strategy derived frera 
C * hi?. 



Indications 



G » 



*1 *2 *3 *4 *5 x 6 *? x <3 

.037 .029 .067 .084 .039. -063 .040 

.115 .091 .059 .071 .07? .000 .074 .059 

.121 .098 .031 .117 .083 .033 .044 .037 

.114 .091 .073 .113 .092 .095 .087 .063 

\ .129 .103 .095 .130 .101 .099 .091 .063 



*9 x io 

. oc>4 .063 \ 
.05-3 . 031 
,0?4 .102 
.050 .064 
.032 .105 / 




The elements of the C emtrix ora 

rr-N 

SI Si^ni 

n 3 l 

n=B n/-j 

c ji’ Sb-w 



n= T I 



rp=l 






for j * 4 



for 3 « J « 5 



If wo multiple (J - 4) by 1 » (c^)/(c^) 



we fcrve 



n 03 ?! 

c jl “ C 51 g (q n WV * c 5i 



y~ rob (I | x ) for j=l . . . . , 
n*l ‘ 



oft 



Because 9^ end (or $ a and a^) are pairs made up of a state 
of nature and a decision that this is the true state, it is 
natural for a given j 6 4 to call 



n*H 

y~ Frob (S l x. } » 1 - rrob (9. | x. ) 
n^l * l 3 - 

nft 



the probability of an error (i.e. rclsclassificaiion) when 

is observed and a. is taken. Because c„, tsxrst be positive, 

J 51 



> 



!* 




?• 




‘<P 










ffe. 






| 






Ma. 


v. . 


r *~ \ 




• • * 


*(*• 


uC *. 




aJic. 


L!i 




\ 




M. £JL 
• 










- ■ *1 


Ira. 


Bl« 


9h* 




♦ 




m. 




•>: • 1 
' . 1 


fiM. 


V IMi 


c- . 


‘ 


« 


Jit* 


|H» 










tw Mf 




1 fl/ 


Id « 


>■ ■» 



r 

a 

r* 

e* 






. _<: 



. • ■ d. -• 



r. - l ^ t 



• • 

- _ • ' • > ' , • 



m w* »4 



' •■' ■* n’ ’ «t V| w* *' l * *: 

• * <* v ** v ^ i* *“ e 4 

.. C . ■ ‘«. . WS4 « . I - . • -•. -■>♦ »■— - - ' ' ' ' ■ 





- i / v 








— ¥ 


• i ‘ ' 




- — ^ 










IV 






All.'lW.iO* «».Ai VT* 


£• V 


. 3 ' * ' ' 


r»; *f 


.#•• 14** W 




* J L* 


IB |pvi 





tie 



selection of tbo 1 to bo aauocictad i/iih c* by tbo criterion 
/in is hers equivalent to selection of J so S3 to wtnlr.ige 
the probability of an error given >^. The M tiini»u5 error” 
strategy which rocults froe the application of this criterion 
for 1 * i, »,*,! has been put forward in Its own right aa being- 
useful when one does not wish to estiiuato o loss function in a 
classification problas. The discussion In the article by 
Birnbaua end ZSaxaell is baaed an tim uoo of such strategics. 
For our purpose it suffices to note that we hav® informally 
shown a sufficient condition for the optiryjlity of tbo »ini~ 
Em error strategy, non sly that the loss catrtz can fee put in 
the fora 



i Tsn « v where « n is tbo decision that & n obtains (n i , . . , , IS) 

» w > v for 3 ^ n; 3, n K 



> 



for 5 » ?M, , »,,<J ti&l n « 1, ,J* 



'-a new turn to an analysis of the changes which take place 
in the optisal strategy ao u varies. In order to obtain u« 3 
fraction of the cost ef ^declassification directly, ve carry out 
tbo analysis procedure uein& the ices Butrin 



L* « 1+uS 



where L is the loss jcatriz for u * 0 and is a 5*fe matrix with 
“ 0 for 3, n « i and * i for a ~ 
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The matrix C * Ljk* used to s, ©dfy tbo optisrl strategy 
when n » 0 is the arena rs the C matrix given earlier oxnarA 
that every elcwtnt in tha last row is scro. Tha rowbora in 
the last raw of the earlier C matrix constitute the lact row 

of D «* l|fcP. All other rcr-re of D are esro. the reform os a 

* 

varies only the last res/ of C * C + t£> will chance . Sate 

* 

that hero ww uoo the last row of C rather than the first w 



as uwa don* in the general discussion . 



Following the mlyeis procedure of section A 2, wo first 
underscore c. 4 * yin c« for i » *® next cor-oato 

u, arsi 'Aetemine tho eupersertpts to ho attached to a., c C4 , 



and ^ for i ® 



Thoo vc reorder the oolurrna cf C 



to conform to tho ranking of the u^’s. If wra vrich to express 



n(s D ) as a piece-visa linear funciien of u, v© assy carry out 

the cor utaticnal procedure of section £2 in a j&10 table 

under tbs C matrix to obtain the required coefficients using 

tho optimal strategy for u ** 0, s^, co the starting point for 

tho eoRoutations of tr'S -C) and tr(f< ,D). tho infomaticn 

OX ox 



obtained from tho two analysis precedurca is saasariBod on 



the following pege. 

Vj now can specify the optimal strategy matrix and com- 



pute tho corresponding nlniaram e^^ted lose for ary value of 
u. If the selected cost of the procedure to be used in tho 



continued testing implied by a, is less than 23.2- of tho 
coat of nlscl&ssiftc&tion the decision to refuse to classier 
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(1) (2) (3) (4) (s) (6) (?) (8) (9) Uo) 

*2 *1 *6 *5 *? x 3 x 4 x 9 *10 *3 



*» oo 



0 

1.003 



*. 037 . .039 ,046 ,068 .040 .004 .064 .063 .06? \ 

.091 .115 ,00c .0?? .074 ,059 t o?i ,05a .031 4 } 3 St 

.093 .1*1 .033 .088 .OW .03?* .117 .074 .102 .001 

.091 .114 .095 .092 .08? .068 .113 ,050 .064 .073 

0*4 0*+ 0-W- 0-H- 0H- QrH' C** / 



•l 

<t.> 



.232 .23? .394 .455 .485 .544 ,546 ,610 .610 .621 00 tu 

7103 -129 -.099 7101 -.091 -.063 7 ?30 -.082 -.105-095 G * 

.029 .03? .039 .046 .044 .03? .071 .050 .064 .059 b« 

,029 .066 .105 .151 .195 .232 ,303 .353 . 417 .4?6 trtv&C) 

,900 .??! ,672 .571 .460 .412 .232 .200 .095 0 tr(S ± D ) 



pending further teste will always be stud®, s^nd the minicn* 
tgpeeted cost is 1,033 u fcr u < .232, If on the other band 
the ospocto d cost of the procedure to be used in the ackUtlonal 

toots ineolfed in a Is ears than $2.1'/ of the cost of a rda- 

5 

classification, we will always sake a cl asetfioet ion using the 
niniaua error strategy, and the nlnlaw exacted loss is .4?6 
regardless of u - .621, 

As u decreases below ,621 (or increases above .282) wo 
wake a class ifteetton when sosc indications ere observed but 
refuse to classify patients on the beats of others. Thus if 
» * .50 we would classify patients fer when s^, 
or ^ was eweerved but would refuse to classify otherwise. 

In this case the jdLnbsm ejected loss is .195 4 *50( .450) * 
.435. 

f uch a strategy t**y be called a restricted : »inii«»un error** 
strategy because it is to fellow the edniraua error strategy 



IN 



I**; ft I r»( »t) i>/ <»j v*i K> >.o >i) 

M 




subject to the restriction that the prcbehllity of a nio- 
cloesifioetlon be loss than or equal to u. This heccaos 
apparent when m note that with the given L sad '€ jratricoo 
our coBpct"tion of u^ (rives 




which Is the ftlniann probability of sdoclesstflcatlcn rvailablo 

when x, Is observed* Thus our refusal to classify on the basis 
i 

of 3 ^, x^ t 3^, \ } , or when u » .$0 is equivalent to a re- 
fusal to classify on tbs basis of an indication for wlick the 
ririnus probability of error is greater than ,5C. 

In calling auch & strategy a restricted aintnus error 
strategy, we follow Chow (195?) *ko considers such strategies 
in the context of devising circuits in a clwracter recognition 
systm (e.g, tlw devices used to process auchine readable 
checks in aaty b«nka. ) 



Chapter 5 






In the preceding chapters our discussion of tho methods of 
sensitivity analysis was oriented toward tb© resolution of prob- 
lems which may arise In connection with the loss matrix in a 
finite statist led decision prcbl«n. However the r-ethoda tbea- 
s elves era independent of our interpretation of the parameters 
under analysis in a specific problem. The applicability of 
tfco methods hinges on tho satisfaction of the conditions given 
in section IV A of Chapter 2* In this chapter we consider bow 
thooo conditions can bo satisfied when tb© parameters under 
scrutiny influence one of the probability distributions in a 
finite statistical decision problem and present two oxaesplos 
to illustrate the procedure. 



X. 






drf&ato. £& & 11 2£££ Sit tho 



pf £ -rob bUity ">f«tributtcn ; In order to ar.ploy the Kathode 
of Chapters 3 end 4 analyse the sensitivity of ©n optiacl 
strategy for a finite statistical decision problem to varia- 
tion® in M per meters u it must be possible to exprese 

the criterion emtrix as a linear function 



C « C + 

O 



»«$! 







HaS» 



of the parameters where C i 3 an arbitrary Jxl matrix for » - 

15 



m 




: t -I ; * 
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In Chapter 1 w© discussed two ways in ubleh probability 
Infomatio n might be available in a finite statistical decision 
problem. Deles/ tie briefly review this discussion and in each 
case point out hew the criterion matrix o m be expressed an a 
linear function of the elements of one of the relevant proba- 
bility distributions. 

I A. A Prior Distribution over States of Batur* and Conditional 
Distributions Over Indications* Mm arrange the elejestts Q * 
t rcb($ n ) on the principal diagonal of the matrix $(! *£’>) end the 
dmsrats p^ * » rob(j^ I » n ) in the matrix the n-th rew 

of which, ?^(lxi), gives tbe probability distribution over indi- 
cations conliticnal on feeing tho true slate of nature. Then 
we express the criterion matrix m 

C m 10? 

whore L(Jx8) is the loos matrix, the n-th column of Which, 
L n (Jxl), contains tho lassos incurred when actions aro taken 
in the presence of <3^. 

To express tho criterion matrix as a linear function of 
the elfl&ente of the prior distribution over states of nature 
we fens 1J 4m I ssetricee 



C * - L n ‘a 



n « 



end write tbe criterion matrix as 
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To express the criterion austrix as s linens* function of 
the element* of the conditional distributions over indications. 



its lot (Jxl) be a matrix bavins; tic n-ih eolum of lt/- 
(•wfcich is q^l^) sa its i-tfc cclxxm and terco olso^r.ero for 
1 « I and r » X,...,*, Then «• wits tta* criterion 

matrix as 



C 



rr 8 ?! i~X 

^ni nl 

n*i i«i 



If V 0 are inte rooted only in studying tbs elements of the con- 
ditional distribution for a particular stats of net*ore, cay 



bjj , VJ0 lot 



N-i 1 '-*! 



n~l 1*4 



“ni C rA 



and Qjspmso the criterion matrix as 



C 



C 4 * 

o 




%1 




I B, A frier Xfcetrtbwtion Over Indications arsd fostorior 
Bistribetieee over States of latere t ’iSe arrant® the elepsantc 
% * fTcb(x 4 5 elc the principal diagonal of the matrix 
f(Zrt) Hi the elessento * Prob(8 n | j^> in the mat six 
Q(!txl) , then wo express the criterion matrix a® cither 
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depending cn whether we wish to tscnpute the " ininsm elicit'd 
less or staply determine the ©ptisael strategy. ixx * auee tfco 
optimal strategy is totally ineettsiiive to variations in tfco 



of Chapter 1), wa ;iill not consider the criterion sr&trlx as 
a linear function of the elements of that distribution in 
tills chapter. 

To express the criterion matrix as o linear faction of 
tba eleaenta of the posterior distributions ve lot C^{JxL) 
be a matrix having *eros svmrjrHbsre except Its i~th czlrnm 
which is h or (according to whether we only wish to 
investigate changes in the optimal strategy or also wish to 
determine the tainbcnxa cofwetod loss) for n 1, . ,.,H and 
i ® With this mutation we can wri )• the criterion 

matrix as 



If w« aro internet sd only in studying the element! of Vm 




i-»I trtS 






and eicpross the criterion matrix as 
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MMHI % 



..■ 2 2 



. < - • si 



Ml 



c * c 



o 




n®=i 



'irra thy first I-i columns «f C „{n i 

nl 



") r.ro -ero 



only the I-th colaan «f this criterion ©..brix n*od bo cob- 
sidsrod in tho sonoitivity analysis. 

I G . Applicability of .'enoittvity Analysis to robability 
distribution ?«w»«tors< In sections A end 0 above «c haw 
shown bow the criterion r-ctrlx can be «xprQS*«ci as a llx-ear 
Sanction of the elawsnts of either of the prefeehllity dio- 
trlbvtiens Involved in the statistic tecision yroblsn. 
Therefore, pi*ostrs3.sig that only linear ccrntruinte vx&ch 
define © bounded set are imposed* we mgr wee the rai thole 
of Chapters 3 and ** to study the sensitivity of an optimal 
strategy to variations in the el«7»nts of one of the dis- 
tribution® cr to variations in parameters wldefe influence 
these elmetits linearly, I,e, the Individual probabilities 
are linear functions of tlis paruesetorc. 

iuestioas about probability distributions often take 
the fonts of question* about the Bcwente (e.g. s&aena, variances, 
and neasuree of skewness) of the distribution cr perhaps ebotit 
the true value© of other ^rameterss of fitted theoretical dis- 
tributions. The imiividued elements of a dit. crate probability 
distribution generally cannot bo eapreeted as linear funetiosss 
of tha moments or other parameters of the distribution, end 
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therefore ti/$ condition that the criterion aatrix be express- 



ihlA as a linear function of the parsxetaju unisr study 
liitito the s.yplicA«>ilitj ef the aoihods of Chu^teru 3 srJ U 
.voi'O sigalflcantly tfhen tuo para. ;o t-.ru unler study irjriuence 
a p reusability distribution than when they influence the loss 
Ratris. llc^ever sory fruitful qntetiaMi cun bo phrused in 
ten* of the indlviduiil probabilities or in tenws of par*- a- 
tern which satisfy the linearity cc»iition. ’Two such ques- 



tions are Illustrated in the following section. 



* 2 . si 



*v 



illustrate the 



application of the jaetheds of sensitivity analysis to proba- 
bility distribution peraneters. vo will procraat t»o escyp la# 



based on the follcr.fin,* eiaa u i flection >«robla#t« Overall und 
Lillians (1$63) discuss the use of a niriaur error strategy 
for the diagnosis of hypofuaetion or h^'erfurjotlon of tbo 
thyroid gland. % of a follow-up study of patients 

after they had been under troetsuoat for at least sir month®. 
Overall and v4Ui«#e classified each patient in their srryia 
as belonging in one of the cotog orios (our etc too of nature, 
listed boles;. 



Itate of natures the patient 
bolorsrs in category 


• rob (s n ) 

r *n 


S^t %pethyroid 


as 


& 5 1 hutbvroid 


.65 


? %perthyr«id 


.30 




1,00 




4*1 



■ 
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a* 
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Overall and 'ilIirr,-3 invaetl&atad twwty~on* indices of 
toroid fattening irdlvldwlljr and In various conbinetloMi . 
H©r« we will consider only the in' *x, ”6 hour blyroM uptake 
of iodine 131,* which Overall cm -illicao fowl to be the 
beet ain&le tisdieaior amang the 21 they sturHed. The rrtear 
distribution above and tlx? follcswing conditional probability 
distribution eetrlx are token /rasa the article by Over *11. end 
’wmiaw. 



Indicatione 

(5 hour iodine 131 upt ake {,*) 

Belcw 2 2 - ? S - 27 23 - 35 *b«f» 35 



K 1 


X* 


*3 




*5 




1 

.33 


.57 


40 


0 


0 \ 


0. States of 












A Ikitxnrm 


.01 


.10 


.35 


.03 


.01 


#« 

*• 




.01 


,ob 


.16 


.79 1 


*3 



After arresting the prior distribution along the yrinetpel 
diagonal of e isatrix, r, we t&cy caapute the joint f-rotecbility 
distribution utatrix. 



f.P * 



.050 ,036 .015 0 0 

,007 .065 .553 .020 .00? 
0 .002 .00® .032 .153 



v© consider three actions, t .«?. cleats drying the patient in 
«M of the three categories. In this problor it rill he con-* 
vanient to use a loss netrix of the fo.ro. 
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•,’tatos of Metmr® 
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0 \ 
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Cations 

V «!*“*•» tw*tbs«U 

a n ; classify euthyroid 
*» 

q_ : classify hypothyroid 

J 



Ac was noted in cownccfcien with example 4 of Chapter 4, whore 
we need a loss matrix taavirc »ereo cn its principal diagonal 
and ones elsewhere, aisoh a loss matrix will lend to a minimus 
error strategy* ' '1th this loss matrix wo may prooeed to com- 



pute the criterion matrix. 



Indications 
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a l 


c • 


-.007 


-.065 


xJBQL 
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.ctlons 
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-.002 


-.008 


«*G32l 


*Jl& oL i 


*3 


e have waters cored 


c, » Pin 

1 i 


c*. for 1 
0 1 


* 1 ,., 


.,5 in the criter; 



ton 



matrix* and cen now coiwtract on optimal strategy matrix or can 



describe the optimal strategy acre ccRpcct Ip* by the quintuplet 

{U2; 3). 

II A. sensitivity Analysis fox* 1 snouts of e *rior l distribution 



Over 'tates of liaturo: In this section wo -./ill study tho sen- 
sitivity of tho optimal stratOQr tc variations in the elements 
of the prior probability distribution ovur at* tv* of r. »turo. 



II A 1. rrelixalnary discussion: Before ox&hinlng the tigroid 
l r©bl» , soae cccaaents on the jxxsaible reasons for such a study 
s»«a to bo in order, ' e first note that in general If we 
restrict the elements, q^, only to b© nee-negative end to sm 
to ono, application of the methods of sensitivity analysis 
will produce the set of * admissible* strategies . A pa's 
strategy, Sj,. Is " admissible " 11’ there doe® not exist another 
strategy# a,_ , (pure or mixed), such that 

W 0 

with the strict inequality holding for et least one eleoent . 

In Chapter 1 we defined Y^(ibd.) to b© the vector of the expected 
losses for etr stogy csrJlt local on $ G (n * being 

the true state of nature end defined & pure strategy to bo ono 

X 

of the K * J strategies having strategy jBetxi.ce* of tbo fossa 
described there. For this definition we may think of a < *wtLmd m 
strategy (wo will not use the concept otherwise) ss being a 
l rocedure for selecting among two or cere specified pure 
strategies by mans of a renders device, s.g. flipping a coin. 

Admissible strategics Ixrvo attracted considerable attention 
in statistical decision theory because an optimal s traiogy raay 
always be found esiong the isitlasible strategies. Ilia is tn» 
regardless of th© prior distribution ever states of nature etesm 
* optimality" is defined as in Chapter I. It is also true in 



decision theory xjnder “uncertainty” (i.o. c r \ aa •; ro e prior 
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distribution In a rcJLsiiTs fre’ixsncy sense Is either not avail- 
able or not m i tsincful) when we adopt ore of the usual optimality 
criteria, Mfltemt* ‘Unissax fh.sk, etc. Therefore we need never 
investigate any but admissible strategics while searching: for 
an opt Ires! strategy. 

To enoapliiy how one night go about such an investigation, 
we note that a part of whst Bimbam and JJ&awell (i960) propose 
can i^o described m follows. Instead of att«B , pt 4 n* to evaluate 

the losses associated with each (3*, S ) pair in a clsiasifica- 

0 n 

ticn probl«e, wo use a loss natrix such aa the on® given above 
for the thyroid problem w© examine successively soras or 
all adaissible strategies, regarding the prior distribution 
over states of nature uerely as an typo the tical conatraet* 
f or oscb admissible strategy, 9 , we evaluate tba K{fr*i) 

w 

probabilities of classifying an individual frea 6 as ttdng 
in (error probabilities) 



rcto (a. 



V 



S ) n P 

a n 






n » 1,...,M 5 n f J 



and the il probabilities of classifying an individual free 8 r 

as being in S (probabilities of correct class ific^t ion i 
*# 



rob <*J . «l> 



V 3 

n an 



n 



i.. 



* 1 



whore is the j-th cclvssn of the strategy r. stria f & 

is interpreted as a classification of h. for 1 -•* 1,..., 

3 



and a, 
K. If 



taiiK V "ft * 4 



sow® of the 'i' proh SLbliit3.es in the saatrix P3 are ensujtia** 
ffccicry, v« stoke «n alteration in the prior distribution to 
obtain another admissible strategy end carry out a similar 
evaluation. The pracem is repeated until s strategy is 
dincevcml which produce* » satisfactory pattern of "error 
probabilities" and “probabilities of correct classification." 

'."hot her or not such a procedure is to fee preferred to an 
explicit evaluation (albeit irsprecl*®) of the looses a»#oci*t«d 
with each (a,, 9 ) pair will depend on the particular probltra. 
Ecwovsr if we elect to uoo ft procedors which, like this one, 
involves studying sate proyertieo of a nusaber of admissible 
strategies, it seats desirable to have * systematic method 
for prod using son© or all of the admissible strategies. 

* second general reason for interest in b sensitivity 
analysis applied to variations in the oleswmts of the prior 
distribution over states of nature is related to the sources 
of our information about the various exponents of the sta- 
tistical decision probleea. Often tho conditions! distributions , 
P, end the loss M&trlx, t, can be determined under ©entrollsd 
conditions without reference to the prior distribution ever 
states of nature. However th® derived strategy will to 
employed in 'm.Vfgr different snei recreants each of uldch will 
have its peculiar prior distribution. The® it cease desirr >le 
to have* optimal strategies catalogued as a function of the 
prior distribution over a fairly wide range in order to be 



able to apply tho ^rocd’.uro without a complete racomputation 
in each esvirarmnt and/or to be able to alter tho procedure 
readily as more data is gathered for improved estimation of 
the prior distribution in each environment. 

II A 2. Sensitivity analysis for variations in elements of 
thyroid problem prior distribution; Returning new to tho 
thyroid prdblaw, the firot step in preparing for an analysis 
of the sensitivity of the optical strategy to vax'Iatlora in 
the prior distribution is to express the criterion matrix as 
a linear function 



of the prior probabilities. " lib the given loos matrix tho 
n-th row of tho matrix is slcply the negative of tho n-tb 
row of the conditional distribution matrix and ell other rows 
of are zero for n * 1, 2, 3. For weatple 



In this example wc will determine a subset of the set of 
admissible strategies by permitting the elements of Q* * 
(Qj. <lj) to vary subject to the linear constraints 



c «® 




rvi 



C - r! * -i (.01 .10 .85 .03 .01) * 




0 0 0 0 0 
oi -.10 -.05 -.03 -.o 
0 0 0 0 0 



- .05 for n * 1, 2, 3 



n«3 




or 



% - 1 - - V 
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The equation cm be used to reduce the problem to a two di»en- 
® ional one which con be studied graphically . deice/ ue picture 
the regions in the (q^ c^) plane over which particular strate- 
gies ere optisial , 




The five ootlnelity regions given above rsay be dot ©mined 
os follows. W* compute the optional strategy > t s-ch vertex of 
the triangle defined by 



ft MMk m MBlf OAflU 



• ftftp j *, ^ | 1 li I 




0 % < • • " 4 *d 1 • ► 1 » 

f, _*_•!« fall Ite 1-tf ••»• * 




<*• J 
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(1) 


% 


»c>5 




0 


U) 


% 


.05 


Is, 


0 


(3) 




.95 


£> 


0 



end find the fancying tc be optical. 



Opt ansi 
■tawtegiee 


iv*3 

c * Z % c n 


, I'ciKfc 

**<%%%) 

• <✓ 


Constraint* 
licldinr; as 
Oquel files 


s,* (11233) 
* 


n*ii? 0 \ 

-.001 -.005 -.tft-3 -.002 -.001 
0 -.009 -.036 ihh -,mj 


(.05 .05 .9) 


(DU) 


9 z i (122:23) 


'-.019 -.029 -.005 0 0 1 

-W ru££& s^Z&L r*£g -*009 
\ 0 -.001 -.002 -.003 -.0^ 


(.05 .9 .05) 


<D(3) 


» 3 : (11133) 


auSSZ n*ia n^a o 0 1 

-.001 -.005 -.0*0 -.002 -.001 
0 -.001 -.002 


(.9 -C5 .05) 


(2)0) 



Vq tbon dsteiT-eins the lines, A^CC) * ^(a^) - *(® w ) ® 0, 
on which the expected losses of each pair of strategics cro 
«cv»l. The eo«ctiono of these thrao lines are 

Ajj| (Q) ® -.hi + .29 - .16 « 0 

a 13 ($) * «*° % “ '55 Qo * 0 

*23 «0 ® .51 % -l.ih + ,16 3 0 

Upon «»wif!ln g the intersection of A 1 ^(Q) M 0 with tt» 
aides of the trier^X© «© find the follcwir^ tw® points 



i a 



Opt teal 



n ®3 



-trotsciee C ® 51 <L c n 

TT* 5 ! 



Point Cc/rcstr.- int a 

<** (q,VL> Holding as 
* *- * Equalities 



° 1 » 



V s 3 



suliaS. 






0 


0 


(.^3 


.05 *52) 


<4 


*13 


-.001 


-.005 


-002 


-.001 










0 


-.005 


-.021 ■ 




r.cii2 | 










'“Hi 

.X$4 Ku**SU 




xn.^.iUP.n.XqM^. 


0 


0 ) 


(.35 


.1 .05) 


(3) 


a 13 


-.001 


-.010 


^ -.003 


-.001 








0 


-.001 


-.002 : 


rjm 













Therefore w* cm conclude thet Is eptteai over the triangle 
having those two points end (.9 .05 . 03 ) as vertieae. 



ftorthemore upon ©tsscriniog ttm Intameetlom of Aj^(Q) « 0 
with the si dee of the triable we discover ncro strategies 
which are opttenl In the convex, set defined by (1), (2), and 
{3). fb«®o two otraieftes arts (11223), end s^, (12^33) « 

Their discovery requires os to «sjv».ikI out list of linos A (Q) » 0 
to include tfeo following equations. 

/*», ( 0 ) 83 *16 q. + .19 q-> - 46 ® o 

<**▼ i 



« 0 



(0) * -.5? % ♦ .10 q 2 

A 34 (Q? ® .57 qj - .io a, « o 

A ( 0 ) * -.16 o - .19 % * .16 * 0 

(q) « .06 q^ - 46 * o 

A35 (Q) • -.67 q a * S'5 % 83 0 

%5 (Q) ** -.73 % - .-’59 % * .16 * 0 



-*« not* thet A tJ .{C) “ » 0 snd A.-(0) 



25 ' 



o 



. < f i) « c. 



if we plot both cf these lines end dot^Tf irr* the o tteal ®tret«t»tee 




im * * •• m 
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at tho points wfcora each of thaw cuts © side of the triAsac^le 



or intersects 



A 12 (Q) 



0, we can tabulate tho followin'*: result* • 



Optimal 






3 






? olnfc 




Cenctrdnt* 


ttrategies 


c * 


21 q c 
n~l n n 




dj t £5 


‘VaV 


KolUnc as 
2<?ua21tio® 


V 


a 


s*&& 


z^£l 


-.005 


0 


0 


<-05 


.29 


.66) 


(1/ A^ 




5 


-,003 




-.add 


-.009 


-.003 












0 


-.007 


-.027 




ruiSij 










o ? , 




'^2 


-.029 


-.005 


0 


0 ' 


(,05 


.GO 


.15) 


(!) 


iQ 




-.003 


■SJUkJat 






— • 0-03 








1** 






0 


-.002 


-.005 


-.02b 


-.110 












®2 


Zjuihji*. 




—.013 


0 


0 ' 


(.13 


.73 


.14) 


*J2 ^14 A 


fy 


a 5 




cu£22 






-.007 












«/ 




-.001 


-.006 




— .11)9 












a*. 




Sa£SL 


-3* 

eHI 

O 

* 

1 


0 


0 | 


(.14 


.81 


.05) 


(3) a 




* P 


-.003 


».pai 


z*££L 




-.003 








15 






o 


-*,o©i 


-.002 


-.003 


-,0bs 










» . 


®I S 




s#32a 




0 


0 1 


(.63 


O'? 

e *->f 


.05) 


D) A ^ 


i 


4 


-.003 


-.027 






-.003 














0 


-.001 


-.002 


















Theca five points when added to the five points *lraas%r 
determined are sufficient to define the five optimality subset* 
pictured on the graph. Thus in tfc© w© tvnro e fesariptien 

of tho optimal strategy as a function of th® 2 rior distribution 
over the states of nature to vee as we see fit. 

11 B. nenaitivitjr Analysis for Elements of Conditional 
Distributions over Indicatl*n» : In this section ve consider 

the thyroid problem with a viaw to det«tai*dLng if tho ontirvl 
strategy is sensitive to certain variations in tho ol«wcntc of 
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th'. credit ion- 1 probability tutrix t when tine t rlov distribu- 
tion ovor stit* s jf nature is 



C» * (.15 .65 .20) 



Ths first st**? in j/re, •trisv for sueb sensitivity analysis 
is to express tfaa criterion isatrix m a 'Jins r function 



C 



iy -8 i*X 

21 H 

n«l is* 



na 




of the ©lenents of 2 . In the tigroid prc&lan the i-th ec*lvr,n of 
G , (which is o L„) Is sir.pXy ~c © wh*r© o (i.<3) is e unit 

H-L u n *j 

vector eontainirr- & cno ns its rv*th ©louent. Ttxa for «ika*fy&9 

we have 



/ 



C 2 fc * 



0 0 0 0 0 

0 0 0 -.65 0 

0 0 0 0 0 



I 



■9 will sock to -JiBCswsr if the strategy described ty th© 
qvtintuplet (11233) will rce.»ein optlnal whet: the ei«\«nts of 
v : *ry by - IG.S subject to tiio restrictions that 

i«5 

y~ p_4 ” 1 for « 1* * 3 

1*1 ri ~ 

Thai is we will an-lya© the sensitivity of tho 1 tb. rl s tret a - 
to variations in subject to tb© linear rcfjtrictiovws 



iCr 



n : i 



n *» 



n « 3 



.2?? ^ p u * .300 



.513 6 f tt * 


.62? 


.090 * f §J ^ 


.110 


*>i* " 


0 


o * 

*• 1 £ 


0 






5 




5 »»* 


1 



. * P n '■ .on 

.090 * p_ * .no 
.?<$$ 4 p M * .935 
>m * ** 6 .033 



6 fc- * .on 



♦ VvO 



II :> ■ i 

<« 1 1 



p 3l“ ° 

.009 4 i>22 6 .OU 
.036 - p_« “ .CM? 
.1** - K* - .176 
.?u * » 35 * .39? 




P 3i 



1 



Bee; use there are no linhs between I crsa *■* (n £ «} in 

1ft $& 

t’:s sysiesa of constr^ inis , wo can slrplify the prowler- of 
pecifyinr the er.tr*e« point* »f eonv-x set within which the 
eles onto of * meet li» by comiierin . tic three rrcopo above 
individually. c eksh®r..im the extra- -o joints of tt» sr.&ller 
convex sots within vhioh * *» (p„« e.ost lie for 
n * 1, 2, 3 one at a tis.e, tnc the extrew© ;>oints of the 
larger convex: set within which the ei«*«mts of 9 lie era* t?» 
eexabinetiens obtained by taking awe? one estres'-.e point freu 
each of the tbor-c mailer .sets. fartb®r.jo?0 because C lee 

iiii. 

a non-eero entry oriy in coll (r.i), once wo have jet ? kf*$i 

t 

an extras* point of tb© convex set within which + 11 .- 1 , tm 

tl 

can cofepate the n-tb row of t. criterion Petris: tit eorr ’pools 
to e^r extra*)* point of the * l in which at»t lie i» win t.*e 
:ivcn * n co-ordinates ty 



»'<a can specify the ertrtre points of the convex set within 
which lies readily by rewriting the systars of constraints cs 



.35? - P u 6 .363 p^ *» i 

.513 * 6 .&? P^ • 0 

.890 £ p u + p 12 * .910 p 15 * 0 





The six inequalities define the parjuLlclocrnsi town holo’/ in 



the \i> n P 12 ) plane. 




K 



Inetaad of tabulating the ectrorao poirstf tbev -Iva, e 'ive 

• 1 

" ” • i5* 2 which ero ttie first rows of 0 trices corre- 



sponding to exfcrwse joints having the rvirticolcr (p^, . . . ,p^) 



co~ar*£lMttu6 



%0j 



‘t ths foot ol the t bio - e wt« If j^dsctD 



an, 



nt in «■ cU eoliisn for future r+foi'cr.-soe. 





first 


rs*. of 


d under 


indie tiom 




y . 

"i 


X, 


*x^ 


x 4 


X*. 

5 




-.cSj 


-.0C9 


-.01? 


0 


0 ’ 




-.045 


-.092 


1 

* 

O 

w* 


0 


0 




a 

1 


-*073 


-.017 


0 


0 




-•05^ 


-.002 


-.014 


0 


0 


.SMC 


-.045 


-.079 


-.014 


0 


0 


*tn 


-.054 


~.u«2 


-.017 


0 


0 


c n • , *«*.ify tit® 


o i-r- -• 


1 


of ths 


convex 



which ^ Xlcr «ont o« *11/ by x~ Britiflt ttea 9/ztm of constr\a-Yts 

» 

on l\ sB 

j 



p na ** 0 

31 

D *» 1 D -* f> <<► O 

35 *32 *33 P !* 



.009 ~ f^g ^ * 0 H 

X36 - 6 .044 

33 



.131 6 ^ + |y 6 .239 .144 £ p 34 * .i?6 

Tins eight Inequalities define o rl^ht pemlieleftpee! in the 
(p^^p^P^,) h^.>vcrplano (the ccwstr,- ints an p > p p, 



y* 



tom cut to >a redundant), rrsd therefore to .>tv4n .in'- the 
ei.fct orrtra o points of the set, *-*0 msy let p_. f v*^, :*rd 
P^ t«k* en their extreme values Indo^-onuo' stljr "t>J c®. ute 
P 35 ~ ~ P^-» “ P*j3 ” P^* Instead ci t LuLti;*. thy e^tnsxe 




W Ip* 

















^ <• 



t 






T^r 









| 9 

pe-int-r, 7 'c ~ive * -.20^ which • ro the thirl rows of C 

J 5 J 

m. trices ccrrew i ponc'inK to eutrswe points heving the jxrrtievCUr 
(p^ .... ,p^5 *o-erdinat« . 

Third raj of C under indications 



K5.XJ 





X, 

4,4 


3 


x 4 


JC r 

5 


0 


-.0013 


—.007 


-.02$ 


-.162 


0 


-.0013 


-.007 


-.033 


-.156 


0 


-.0013 


-.009 


-.029 


-.161 


0 


-.0013 


-.00$ 


-.035 


-.15^ 


0 


-.0022 


-.00? 


-.029 


—.162 


0 


—.0022 


-.007 


-.033 


-.155 


0 


-.0022 


-.009 


-.029 


-.160 


0 


-.0022 


-.009 


-.035 


-.15^ 


0 


-.0018 


-.007 


-.029 


—.15^ 


0 


-.0922 


***009 


-.035 


-.162 



Specifying the *striw points of the ccwo:; set within 
which lie to sfjispljr on extension to ** dlatetwior© of 

the procedure ,}ust used in three dlnetieions . '-s lot p„. , 

^22* 9e|} * * J 25 cn their extrero values i^e./osjc3ent3y 

cm? ccespufce « 1 - p 2i - - p 0 ,. - p^, cItocUjc estcb 

tifeo to insure that the value ®o ohtain&d satisfies ,765 ^ 
p,*. ~ .535* In this way m> specify the sixteen extroese points 
of a four dtaemionel orthotope, onl for each extreme point we 



iC3 



cctr^ut© .* « -.65*o w^ch in tti* aoconl ref* o • c 

w M *<* 

pctrJL: corras. ending to an e^trwwi “oint bsvine thoae 




* * * 




i 

in 



oo-oritnetas . 

-ocon3 re * or 

jc is; 

1 2 

-.006 -.059 

-.006 -.059 

-.006 -.059 

-.006 -.059 

-,o-o6 -.072 

-.006 -.072 

-.096 —.07— 

-.006 -.072 

-.007 -.059 

-.007 -.059 

-. 00 ? -.059 

-.oaf -.059 

-.007 -.072 

-.coy -,c ?2 
-. 00 ? -.072 
-.007 -.072 

-.006 -.059 
-.007 -.072 



0 urvler indie "tiers 



X 3 


** 


•r 

'5 


-.562 


-.01* 


~.CC6 


-.<61 


-.cio 


-.007 


-.553 


— . 021 


-.006 


-.557 


~,C21 


-.027 


-.5*9 


-.013 


~.CC6 


-.5*6 


— .013 


-.007 


-#•5 


-.021 


-.006 


-.544 


-.021 


-.007 


-.561 


-.013 


-.006 


-.560 


-.013 


-.C07 


-.557 


-.021 


-.006 


-.556 


— . > el 


-.007 


-.546 


-.013 


-.006 


-.547 


-.013 


-.33? 


-.544 


-.021 


-.006 


-.54? 


— . 021 


♦ -tv a 


-.543 


~.C13 


-«■ 06 


-.562 


-.221 


-.oc? 



ritori vn 



.Qcoeuso the convex sets within which t must lie Tea? 

i4 

n * t, 2, 3 bare 4, 16* and 8 cactratso points respectively* the 
union of those throe non-irt ersecting ccnvux acta (the sot 
wit bin which the elements of £ XI* ) has h(o) ( 16) » 512 
ostjw.e points* Fcrttnatel y It is not necessary to «uce«dm 
each estran* point in crOer to determine if tie strategy 
(11233) will rcra&in optimal for evejy I* Mtlc£y±*g» tic gi von 

constraints* Because tfemre i® no 3 ntcTectior* botween P and 

n 

» i 

? (n f k) in the syrtcr of o^nstreintir end bacruso w in- 

3 21 

nuances only the n-th of tl.e oriteri'*n r« tribe, we can 



answer o«r question with the *14 of tbs following table, 

Ss*£H& Mas* sC tak s£ £ 

ladle at ions 





K, *„ 

1 2 

-.045 -.079 


3 

~»02A 


k 

0 


*5 

0 


Has 


a 


% 


-,05*» —092 


-.Cl? 


0 


0 


Hln 




-.006 -.059 


-543 


— * 013 


>06 






2 


-.00? -,0?2 


-.50 


-.022 


-~*Q07 


•an 




0 -.002 




-.029 


-IS* 


Maac 


^3 


0 -.002 


-.009 


-*o35 




Tin 



This table suraasriscs the information obtained previously on the 
ttajdrus "isJ Kintatn of each olcnent of the criterion ::.„irix as 



the element?? of P very ever the convex set within vlateh they are 



m 



cone err Inad. Inc# the In raw 1 ax*© l«w I'n&n the 

■inh mo in r --'9 - and 3 of oelusms 1 »nd 2, o.^ will be t-Jton 

m 

tsLen iSL ex* ^ is observed. lulls rly a will be tv- en when x, 

i* m *r 

or x la cbeervod beestiee the tejeiau*© in row 3 sro Isas then 
5 

the r/.ni: ,x « in rows 1 end 2 of col urns h and 5* kee» vine in 
column 3 the jsaxbsm In row 2 is 3 ere th» n tbs minis. t»a3 In 
rows X and 3. will, be torero when 3L is obeervei » Therefore 

a** Jj 

the optiawAii & of the etretegy described by (11233) la not 
alt® rod by r inor vcrictiesia in the coaiitiacM.1 . rob uillty 
distributions of the type mo beva conoiicnxl. Tbo orae con- 
clusion »suid follow ftstSB *n esMSlrw-tioe of ell $iZ euiron® 
points of the set because the «l«sest in cell ( ji) of the 
criterion matrix oorrespondlnc to my extreme i.'olnt will to 
a ember which is bracketed by the two nmfoeni in cell (,ji) 
of the table above fox* all i &.nd J. 

In emmtiy m note that in this cxa&ple sensitivity 
-nalysie was relatively easy became of ease s t -eclel , roper- 
ties of the , ruble* ®tu lie!. On the one lu«d s. ccific^tion 
of the co-oriincten c£ the extrene points tff tie* set was 

» i 

®*Uo Q' sicr by ttae ••-bsorce of lint • o^taoer. and (n f a) 

n £* 

in the ayabaa cf eeatwtr u.«t* J tti? is an intrinsic ^rwerty 

of the probleea. On the other Y*n%\ «« cod' •\*oiu #■; ini ' 

r 

all 5X2 ext mm points because i infl^tjoes nly CV -th 

n 

iw of the criterion ?. 4 itrix. IJLa preynerty of t»* vofke* 
results frees --..nr tw-v of ti- option to sac ■> j ^svitr -ry 






const **• ev»ty ©lament -f t!j© loro r«etri«. In • _-*r to „ei 
It in i fosia •■'.rich uz % gens sitlvity vselyslg o^«y« U • usod 

a loss M-itris such os t«o or>» ‘i*#n in •• of 1- ;*tor 4, 

< 

i votaix.’ influence every row of the eriies’icn ►— t rln e.-^oat 

n 

fcl» r— th roar and sensitivity analysis vocal hnve been ©tjch 
nsro difficult. 

seh finite statistical >"cisior. trebles will, hove dis- 
tinctive f - --t aros . r>;i .fill h- Qcxible esiou£h to cll.cn-’ sarsa 
l&tltndo in its %mtrmr of for.-oXaticru "km . iantive use of 
the options --vcila&le in ^roi/iwa fon?.uk.tion wjJ Inventive 
mAi ; tion of the sensitivity analysis , -rcoodursa to the pecu- 
liarities of ttie t.roblm csrj sfr.isitivity am lysi# easier 

and p.-rh^.s can sake tt* difference between a sensitivity 
analysis teal: that ie possible. end one that is ecF.y.-ut r tionfily 
infeasible , 



« 






’..enfL 



s£ s, Xk&kd .fx si 

& iasttu _& XJsJojti ssl ~*mzz. &a&g&&a 



tMji is devotee to the welonaent of a -roeedure 

for iiivefft&grtijig s. convex o^t aefisesS by lino r co-tsstrsiinfce 
with the view cf 



1. et^bilehinj the ccnel r tiwsej r or inconsistency cf tbo 
Sj'stsn »f linear constraints which dwiinoa the set. 

2. Oaten. fc&ng L? the ccrr/WK set is uMbownded . 

3. faveellitt; the ;>r©*snc« cf a *y»t<x. of © ya-lity con- 
straints if such e systcau is incorj.onted in & e** t«n of 
ins^u-iity eojr.trsiinta. 

4. Identifying tbos* ceiwtraints in tfee s;,stss.- which arc 
redundant i» that ttwgr re not n-cesc r- to the a* ecifioo- 
tion of the cowve* set. 

5. Generating the c:dr - o t ©into of the convex :«t or 
»cro generally » t *ccifyiiv the set of joints .'hich is 
sufficient to ofino the convex sat. 

the desire to achieve tb •« ^ rticuX ; vodj r,.-je in t;*c 
contort of an srunlysis o* the e**’itivity cf ttv» e tiaasl 
strategy of a finite trfc tistlcal decision i.rohlen to veria- 
tiono in severs! 4 x..r ->.»t rra which >re . yMct to .isv r 









1 Wi tf 























constrsiats. ow«v«r the K'tbx’ for invest i*/ lion "7 b® 
■'ivoread c r® the t eclitc i'rcfcden that ereotwJ * need for 
it .:>>? ewined In it" own ri.ht ea ia d-t* below'. 






&ad InR unit ties 



mi ~JL 7 £j&BL. SS&L *&S3£l&2£ It- 
X A, Joseripfcton of Constraints t o begin with a isised 
(i.s. ooth equations .ad inequalities ) eyeten which c*n be 



ejwrsesed 
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A. 

# .** 




lf 4 \ 

« e $ © 




,P \ 

.71. 
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<«0 
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l / C 
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*• 1 




-;<» 1 
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o o 

wh-’ro U Cbci, i.e. ?! rows snd 1 colusn) and U 0 (frxl) are 

Z *-* 

v-ri.-bio vectors, A® (nx(?b" )) and A® (jy.(h~ )) cim coefficient 

1 2 
O o 

t. trices, end ( foci ) end ( x\) are oonstent vectors. Tlw 

notation ^ MMM that «e will consider AQVtaMi containing 
both strict «»2 ':rdlnnry ia® .unlit too es *?<sll *» syatons con- 
t.-inlnc f-ne or the other t,>pe atelusively. © us nelly espeet 
to hrve ? > P end < c assrn® R h Rd where X is hare t< t r en to 



be the rweber of p&t* -eter* rtsa&irstnf* 1* the eysten of in- 
o u»Xiti< oft* r ©applet in; t.- 4 icceiure of section - i> 
halos*. The Kettied is ©ppXicnbl© without t. .1% »*• but 

wo *.ro * rtenxl-Xy interested in . t' tVt it. ct i**»t ct' ;«- 
tiaHy bcmnied. lecuiM tbo .lni.fi (in tl ? - r<v;uU*ln 



the iGwwst constraints} bounded ectwex tel c fined by r 









► » «» 3 > *» 




«*■/ * 



JU* is 



• * .-1 



.tli.*)*! li/ Ibl 



oonstrst 



T30C" 



: CwfUitivr* -or fcfao 0. 



„«i to be 



\t? irs i.* • — • 

I B, deduction Operations a series of i*c*» cgjer.tlons we 
try to i’esm t '-'x- Identity r.airix in isid a aero r&stri:; in 

-**r 

tbo correejwndlag odviac? of ‘»®. Tl«is to eaw*r.tl*i2y il«8 
Gcassian reduction technique rnri can awi in i»ro ways. 



13 1. A row of r q hen been tr<im.fora«d into a aero and 

2 

o 

a* the alar rt or 5^ been tranaf ettaod 

into sere. I;. this ease the constraint la redundant tvtd 
can be fUccarthtd. 

O 

b, the corros*,*mit*»§ el«a©Bfc of b has beer) trsnatbined 
into a nowRerc nwsbar. In tils esuto the equality can- 



sire inis arc Ivieensisfcamt enotx; tbecaeiveo. 

I B 2, The desired identity iMttrlx is obtained rad 

a. a w of /tf has been tranofortw&d into a xkm of seres 

i 

while the ccrres. 'oniinu olor.ant of 3* lay been tr osfgerHxi 

I 

into a nonpooitive (for a strict inequality) er a negative 



(for an oruinary inequality) number. 7hi . is a sufficient 
csmUtlon far the syctco of oqu^tiesa to ot* inconsistent 
with the systoas of inequalities. 

b» ?h© consistency of tbo combined sysier 5' . sis*? tv. bo 
tcetod (condition. a. ia not a necessary 0..; It ion for 
the two systs&a to be incests tent) end oe h-.vj result 



I ,1tt 







Sihln tie two systw-a, la • ,uivil*nt to the 1.* •- *vK': tion 
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n fCf 1 
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i 



,0 ar- 
il*" T2 22 
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'f&m 



,0 



. 13 ?, 



(^) 0 



O / O \ i-0 a /{j^ 
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(O^i Ip 
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,45 *0/0 \— l.-.O 

**4 **• v*> %****•> / 

■**.»*« * -«** 
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-i n ° 



(*> 0 

a 0 



wtoore Is -last end is (if no oqti.itS.on is r^iwndent) 
ix. The trsnef cawed constraints eon lx> cjq res&ed ec 



< - -oir 1 <t° * *!, € ) 

4*W A / I gM iV* X 



o 

u 



*° (6° )"**• ) 0* •<- ft . 4 # fllr 1 > 0 

12 ' ar *»' i ( i «r ar V (*> 0 



The 2 Attar s*©l tion cat be written 



U * J (£) 0 



whore t « a 



It 



B » S'" 



0 ( ° rV 

12 V 22 21 



1° / W \ “~5 

jjp ' — / -*'■ 



o 

‘2 



5-J . i* *, 

is X 1 



U*U? 



ia H x 1 



Given « »cl«ticn to tlw r**~t systee J ?, u^lity cs n- 



strain!* -’o on cob v .-ute or .*« err itso t> <* ^r*c .ico Gas* 
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U* -g . unction of b t - r i-jco ti« intension- Xity cl tbo 
2 

tfr t created the o;*ste.i rf line v corv taints* '•■© 
ante tb*t the seri^f * m/ ct-err-tiera will not influcmae 
t> cc *©«* cf the las imlitiea frees. Uir ve only ■ .‘d or si&tasct 
nvCttlplsw cf c* tuitions j v* n«v*r aubtrrot one inequity frees 
another. Ibis trensfors tior, vlIX emstiiawe rsveal secao in~ 
®qs»-lity constraint (» ) to u© miTsiant 'ey 

(I) a row cf freij\, Irene for.*eU Into r row -f ner o» 

while tfrv co:rr.' ] '3p««til»» j filmomt cf i® beccs**# 'osiiiTro 
(for r, strict inequality) or noH-sae&B live (for an 
oriinsry insiuality). ibis constr-int ^‘-y be diocsrJtod, 

(II) tso or .-.cr® r&m of (fiP if) Wintt transfon-wd 

into identical rewe. i>ll « n» of tbees constraints 

Key bo dices rdeJ. 

o o 

(ill) a rw of (A 1 3^) badr*d tr-.sTeior.scd into . con- 

straint that is cbviou Siy enfciofijrt fry every U u«.tisfjlng 
a awe ether c-*nsti*alrst. 

j*Uf_ 

IX A. Tlieoras s on the dorssistiasrscy of ystoiwi of inch. t uxLiti*s 
XX A i. .iliecjrccs Is nsec-o .ry rnd * iTfieit *jt condition 
t' T et a system o* strict 'IJ S > 0, ae insjw- 

sis tent is tti?t there exist a vector I — 0 with . t Xosat one 
> 0 (r * Q, R) bMi that 3’K <« 0 ■wfrwro € is 

<8 i)xi • r- . 1. (i. !)*(? i; .itran by: 




*■* >'<•** -•* mmrn f“ t»l 
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D » 



I 

B : 



TLin titoorcs is ,.xwed by Ojtrvsr (3.^21-22) as Taconaa 3 to 
tu> foxn («ssMf>t for notation): 

w . necessary -nd sufficient oeftiition tbst «t £iven 
sjstm of strict iw*tv*lltwto» A (U) >0 { v H mm £„{U) * 

2* X* 

rf.V 

y~ * hj. far r • 1 1) be incamtotar/fc is t ha t 

R-i 

tL re sbouW erirt a -ot of ft+l e->® tents k , k 

0 1 R 



such tbnt 



r-42 



k = * ^ k r V <"> 5 » 



with at least oh* of tbs k’s U»i»>; f.ooitivo aw! nano of 
thsK bein" o*gativo. rt 

Jo dcnonstrato th» a^«ival«rne* of t\& two fonus »s* note that 

k * 

r a fi Q **-. i * *«3»i 



k 



o r #% 



kim 



* • H r XT v^s h. • 

° srl m" * 



r r 



r«& 



r.V* 



n*l 



r f 

(ft ♦ XT ’• 5 n % n v - 

r»i * * n#sl r-l 



Therefore k < 

o 



i* 

XI 5 0 if «M«i C'fily 

H r * 



k 



o 



II 

2Z ^ ^ 






r r 



0 



*r>i 




r -1 



W1 k„ 
rn x* 



«* 0 



Jter ra i , * * • » M 
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I« f . O 'ft. . k" ' - nJ ->n -r* Urt 

|<S^(UL ft Vl 9 jm» 4 aft Nl 
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X. < i ^ 4| ;<4ll SI U^r^ft 
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'*u 0 is a r trix strru.r^ of tb- e 14*1 osuationa 



II A Z. theorem II : Civen tfcftt there exists a K * 0 with 



crEse of Its elar.ents positive (say, far not^tienel corr/enlonco, 
that k^,...,kp (f * R) are positive) such that » (5, 

(1) Then the systen of ordinary inequalities Hi * B & 0 is 
consistent if uX id only if thero exists a U such that : 



(-2) and if the syctarc #1 •* f< ^ 0 is consistent it edMLte only 
to eolations for which (l)(a) holds, 
i roofs 

■efficiency for (l)s Clearly if there ejdnts a U such that 
(a) and (b) hold the system All * 8 ^ 0 is consistent . 

Jfecestrity for (1) and (2)s (ten that AU Is ~ 0 ia consistent 

we have that there exists *■ U such that A (3) - 0 for r - 

I* 

1 R. tku we cr.plcy proof by contra diction, ni a^eune 

that there exists a U end a p between 1 nd such that 

p(U) > n 'e have 



for r / p which is to ouy thst a positive rrussl r plus sun 



(fi) A^ (U) » *** « A., (U) *» 0 
(b) A P + 1 ** * • % t»» * 0 




r/p 




***** ft 






m 



«• I H 
J «0 



I- • 



•I ( 




m * ** - H 

f* W* • *■“ \ '" *- 









•» *•» 

«* 



*r. .w#.-u« ‘<U- 

. WI » ♦ • • tu matrn - M“WI 
«•#•« »P' •»- >*•♦ i ' 1 

" * • **vw H 

-5 r ft • ;- ■■I 




of noti-no '•live unbar <* t • ,#1 to -‘To : left* 1 l^oe^tolo. 

Therefore * • e.»*clui© tt»t there e-mot e-dot * vJ ueh ti-i 

tho 002*0 to tbe jesitive ©1- ,nt of / 

bold 'is strict inacaalitics. 

' ’e note relative to this t hearers th»t If a synlfts of 

■ trlct i Is teeomist ant the oatT^ l «rrsi«|,* oyntan 

of oniivfeery 3uwr,u-. lilies can i» e^-nsisterd rdy if there re 

conetrr ir*t« irjcoi%/ot?.t*«} In ties ino-.»«-lity ccnetndRts 

that is, am or r.oru ef tbe Iras .utliliea iaply roi lions of 

the fMM h(u) - 0 while others teply ~~(u) * 0 «o tV.-t tl» 

sy*t« bee solutions ■ r>_y :cr *(U}=«0. furt'Krr^oro a cysiteu 

of Inequilitloe cm o© eon*lot«oft without the corro- 

S£.ondin_ cyttesj of strict lnss.u*lltie* being; eorsijt>-::t If 

soft® of t'.*e ordinary Inequalities sre »Tdv -■ lent to o^uclity 

constraints *hich ew« be eettsfted ai.ult neooo with tic 

s ction of the strict irvrtur lit** coostratsit* in the 

rd»l eye teas. This c-n be seen fcy - -»titiottla • t!«e sSuscd 

eyatssr. $r.ie a eyoter. of strict lneoMllt&ee ( ^ - ^ > C ) 

end 0 *ywt<e* of rriirrav Inabilities (AJS • 3, - 0). if 

*> £ 

jO *• > 0 &« lnc.WiOlet«» , t the r,£j«4 av f --»- la inc ..©sistotit* 

if *^U »• Sj> 0 MR ’^J »• 3g >0 re? consistent the « i~*u ~j?~ 
t«u is c r*3ist»5:t. If .‘.J r 0 > 0 b ineeMlHt »nt .31,-0 

Is const: + ant orly if it contains hldlen ®%ta lit/ c notrsJLnfcs. 
Hum© eqo&lity c-ar* t mints i*ny bo •* »' tc \< v.jcd tto 






ti 









* 



i iravw loi vJLity a*. * {* action I) th- .‘oss: --f cwr t-o 

ijttm to L U + B, > 0 and U * &> & 0 wl»r* new 

♦ « * * » * 

U II, > O is ossuri'*'? to be consistent. If < B > 0 

is else consistent (i.e. L U *■ B 4 > 0 io consist cut mxl cor* 

i 1 

bo sitisfiod slraTfltr-«oo\5S with tbs satisfaction ef tue e^twulity 
constraints in *_U -* 3 0 * 0) the original *ix»d eytsteit is con- 

w *-* 

s latent « Tiborwis© U 3 JL 0 is inconaistont . 

22 A 3* Tcisov^m His Tbs re exists 8 vector X 1 0 with et 
leeet one kj, > 0 m tidying l/’£ * 0 if •< nJ ally if the tirnKS 
.-rc^rjwBine £.robl«» 

!!ax % « (i, d,...,d) ii street to Vf*% « 0 and S 0 
whore d is a srcsill positive MNbar (l.a. i » d > 0 ) 
hos sn vwfoo\syi«d solution, i.e. •in arbitrarily li r t © v Hue for 
tho objective function, e. 

•roofs 

efficiency: Asetxae ^ hev« a basic solution to the linear 

firorr««inp' problm with k Q , k^, . . . ,k., as 'c .sic v ri Jim 
(the argusaent is unchanged If s-jato cstber specific k*« etc 
bp sic variables). Tuch of th-aae v- rifles is cero. If tl^ro 
is tin urfxna>J'id solution to the iinocx* <*-rocr»;-lnr; fro*>2«c it 
is indie ■!«! by the f*ct th. t tfoa column's) of 8* w ■-•ci* t -l 
with son© norinolc vnriehXeCa), ssy k , ten oj^r-'sred ■•» t 
line r ecnbinatton (y , y, 3 of th*. colons o* 

Q0 IS * -3 



t 



eascttkrttc *ith the v. rieblos oarrt /m o:*^ ^\>osiiiv$ 

olarsents eo thst* 



s 



c 

s 



w 



y 



os 



+ a 



jr 1 

y~ y 

T^i *» 



< 



Tote thrt an unbounded optiiM?! solution described by 
Medley { 1962 } 075 p«u»e 100 is net po. sible in tliio prcfc>l<*& 
boc - one d is positive. 

Thus w con achisv* • n • ’/oitrarlly Icr^e velw of the 
object! *« .function by as^lgnirv, an -rbitr-.ill ' e •.-!*» to 

k wM'to sotting k » *j/k * O for r * !».«., , nd *# will 

o 37 re a 

fcrvc a vector It * 0 with t X - si one h >03 ,t.l xrir\ 

D’K * 0 . 

uOCOfsliy: Him th*t tb^iu «:;!.• t*" / \ - Q with st Xe tft 

©no k > 0 srvi let g b® a .©citlvc axwber. If 3 . iisfica 
b*X « 0 thro so will b*(gK) « 0 . Inawrtir,^ gl in tba objec- 
tive function of tbo lincur progrerMlng gwefckers >*e beve 

e - g(2,d*,.* f <3.K wb**r« (l,d, * . . ,1)1 I * poaativsa cn.rt'" •• 

Tket'efore hy akii\, c trnitr^ril? l,»r*e « c-»; 9 4eo the vlue 
of t!» objective function s. rl4.tr rily ler»*o vicile w- 1st lining 
f*(gtl) » 0 end & 0 , tisya l*>ve ;n ur* • ur 1 >i solution. 

'e not® here tbr.t t!*j r«.*iiw3»r {.^4. * 1 * ■. .|j r 

Involve linear pro.rr..*^,irEj theory -n’ **shed- . 1 ..ro 












■»* 




Uiscu-.rod -in {2.062) to vhiob * * 111 rt ;teent 

r- 2tr»m»* 

17. 3, Itsoos’Ci on U nboundelrsas s (TbecrsSR IV') : Tbs c sovswc eet 

■..©fined by c consistent no nl xx*oc ea© o us system o' ixu^usliiSj»c , 
■ ^ 0, Is imbmirided if sod only If the eorrespoailng 

IkccG'Si^sous system of ©nSi mty i«cvu^,ities>, 1U b 0, u-lta 
to a mntriviul •oltttion. 
t'roof : 

vi 

v£fZc%&tXfft OHen ttart ttjcro esidia solution U tilth sens 

^ 0 to # Y U N C on a solution V** to V + • ^ 0. .lot c 

*** ** # 

be a nca-rsBi;i.tlV3 sctlsr uni censlUer C * 0 «• pU . Sfcla 

V 

B tea solution to M -• t 0 for, 

*••»« _ , ♦« * ** * 

!> •< ® * A(U *• gU ) + b a (>U * 3) f g /.U 



*• 3 r»3 AU =* Os tfapnfere «4te g > 0, 

*J •* 13 <y 0. in 1 * rfclcsil j* p c n bo aade ■ rtitr*rily layyo 

*** 

co that ®oae eloaant (s) of 13 oan bo & 3e • rbitrr-rily l^rgs 
positive or negative nsebeye 'uhieh ir.fili.sa that the ns-ixarao- 
genoons systte <.-o;'ino3 an tasbewtfad sat. 

Necessity : If the convoy set vsnlliwi by a consistent non- 

IwsKJ-joseowe s/sst ■«& is tarib<nHv3ff-% three thin * • i»»t , i srC.«~ 

** 

tiers U , a voctar* t? hrvti* »t lo»st o;ss non. '"rc »!*■ *»nt 4 j.-x 5 

#** «* 

e nc-n-rvsy tive scalar g s\»b that U * U 4 c" Is ■ sriluilcK 
(i) 0 fer s» arbitn rily Ictr-e . ' •. tee* 



to 411 B 






*** 

u 



« /U 



9 * 



s 




0 



iC the inevjelity halilr**, .»«• *rfcitr\*‘Ucr 1^2*1* «; LjwUUw 
t! 1 ffv^ry ' lexer, t of ti ie nwo-n^vtivo. To „rc?ve this tjr 
esrrtr fiction wicu**o thst the r-th ear er*t of -f which wo nay 



tenet© by 



«3 



$xTr w ^r * 

H 

{»»! 



si# n 



is no.„ ^tivo . The cere* 
K4Qf denote by 



n 



e 



** 

aw. in •lats.eot c£ ‘U +3 which wo 



rs®JJ 



H 



a 



m 



** 




la nc rt-ne^ativs . to if 9 tna e r seen that 



> 




- 



we will »*fc© tbo r-tU ©Iment of >L i* B negative, ehiefe 
contradicts the ensus^/tien that U is c. solution to tho 



e/eteiri for c rbiir rlly l^rgo £. Tljsrelcre «, eh ei* -*nt of 

* 

f Bust be nan-net -live, end we e*n t-i« « »• 1 s* non- 

trivial edition to the icst&v >moiN ays tee *l J - 0. 



XI C, TVMfctms on edua^-ncj „* 
reisne,' • 1 t in •• cc-naittent s'jstm, 
rent, ,! C & it5»fios the ether f.-i 
satisfies the corwtrsint in ^aari 



uuiS,triirit*. : • tv r t*\int is 

cf 1 c'r^ct^ if tic state- 

cc. ;v- 1 re hut? ' ir- v 3ii< /, 1 J 

tor,. ' ' si*J* nt c u*^r Jtvftb 



* J' 



arc vcst-o oos-ry tu t'uu tfjx'hvi.tSon of tb© cocwa* cot in trt&cfe 
v is crsvtr inod to lia. Z'&s ©action contains £3 or tl^jc-rcsssi 
^ortaisiln-. I© the identification of ro&awlajit 
II C t. HMMi fl His confftrairtt -^(U) ^ 0 is vMMNMlt 
te tfl> cutrsistsTit HjMWfc *<J + B ^ o II «n& only if 4kMM 
©j&irts a K s\timtjtnr Z*K « 0 \rf.th k «;4 rso cthor k bsinr 
seg&tive afid si least ©» fc boi*c positive. 

Carver (i£fl'-C2) j?rav«s ibis in rji ©ottii* lent fern £cr 
strict ira^ixiiity cor^trainis. iils proof holds fw criimay 
in»r 4 Usulity oeostrsiats , Tho following thecrcsw trill b© u*#f\£L 
la act’Oftl3y ©stpklirkins tire r-^uariacicy or nen^r^ynclancy of 
cc-nctrsisits. 

II C 2. IHmpmi fit livori © consist ant qpstwi AU + 3 ^ 0 
vborc tm ruck of f is *1 smd this rank la not decreased by 
tbs ri w cr r al cf tbs o-tb row of A. Tbo constraiat A (U) .^. 0 
3s radwlant if and only if there exists e sot of *f linearly 
ImttfMitM* vectors ..., f t J, sty r • i,.«.Ji < ® for 

notations! conwt^jonoc, aiafe that tJw vector (b ,s < 
can be eagsross ©U s a linear c*sbim&i©«i 

^W # Nt* * * * * 1 | l i t 

r-'i 

« 

wbers e 4 is a. 1x01} unit vector <1,0,. ...0) 



■with 3* * 0 Jtor r * C, an! *t Ic.ac exo > i. 
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•roof: r»ss iroof will consist of sbnwta, tl-ot m>r tlje cuv- 

ditto* jo of t*5e first so .stereo tids theorist li < jovvelrnt to 
Tbooron V. 



^efficiency j Given 1 is ncwMsa^ativs for s* 1 0, 1 ».»«». I 

r 

with at least cm 1 > 0 such tbet 

r 



(*>♦*. 



s* si 



» » • • • 



© » 

"o h 



r** I 

y~ i* 

r*l 



(b 



,a , , 

rl 






wo take ^ 8 *1, ^ » 3^ for r - 0, k^ « 0 fear H < r, 

r 4 s ( 3 rd tom tt» vector S requt rod by thecrer V* 



'Soeoocity : Clvon • < f stijsSrio ' ' '<■ -0 with k. end no other 

55 

k being negative with ft XMtt cw > 0, vro c n write directly: 



k o c l * I: o ^ b h’ A al’ ' ' 



r*« 



r^l 

r?b 



k r ( V a rl’ 



*tn 



) o 



r-R 



^ b * § \i ** *^o <V*W*** ****** 

rfs 

vlicro a « - ^ for r • 0, r a; * C nd ati 

* V *4. 

1c 5t on© , > )« 

For cenrordonco let m t*nm&*r so ttwt s kv! the 



positive s^’a (if any) corre spread to r 1,..,, . ’<© 2/ 

r c unchanged , end kevo 



*'*» c fS^ w a c 



r** 



c i 



r-i 



% < s . 



* a rl ’ 



* * * *vV 



■:’) 



* o 










.» •••»! r - * f 





m 












+ * m *+ 




4 / 



a. T 'irsi assuRs tl -t only n > 0. then ; o s»jr cot 1 « » . 

o 00 

The rsnk of • is fl *.nd Is not eera*eeu by tbo reevovisX 
of (a^ 1 » . . . »^*) • therefore wong the , ♦...a^) foe 

r « r --4 there era I linearly in 5 c.«m3rrt vectors wbiflfe 

wo nay talcs to bo tha cot i^uirod by the theores, assigning 
the value 00 rc to their coefficient . thus wo b».vc the li-nonr 



embin^tion rnyulrod by the theoraa* 
b. .io! we aoa.ce > 0 for* r « !,..♦» ’ with * * i, 

b* ■*. / ^oscao (b| f ^ 9 * • « » • * • * (b » » * • • * ?) cro 
liMMcOgr ieetopOTiMt* This c^n occur s#3<r if ! * b. In tills 
case we c.*n find K-» vectors wMch will, complete a set of H 

linearly lnJo < «j»i.oot vectors , ■« then eet 1 » n fear 

r v 

r * 0, and 2. 6 for r * Jvt*. . and as® h-vo 

■*- 

the Harter ontairte thou requires! by the t hearer). 

b* ( 4) t ^ e * < * » * * # « h * • * • $ &r t* f) ers 

linearly deyeri.leni. « c^i than rrocood to redeem tbe rr-saber 
of positive a ‘a until ?m reach caso (i) above m fellcwe, 

3r 

If the vectors are limurly dependent there ext "its & sot 



8* *•<•»£« not all aero such ttsat: 

i. r* 






% ^r’Ti W " 0 



■e select the a to ho aaJe saro by either : f tl.© writ rial 

r 



* 

V 

% 






nin (J I ^ > 0) or — — * < c) 

7 * . 4 * *•* 1 ® ^ 

4 *■ 4 * % * 



*r 



e* * 













« % 



• «M»I *■ t 



•M * 





0 I'tH 1 | A#, ***| 4 **|^' U ‘ 







•• w^-»^ * Z ~~ 







r.4 © ty t1» other n * ■■ c’~ve» 'v ; 



\ ” *V 



* 

Sr 



o oil -sf • Lich will oo no:v-*yjr- tiv© if a^ is selected \rj esr» 
of list) criteria ikm, Tbo process is «qp* tod until wo have 
positive coefficients only on a set of liaeerly ind«i®rjAmt 
vectors, ”:.ieh uc in case {1} cbovo . 

T" An ostrblis.ies the necessity of the condition, 

II C 3. iMW 7X1: Civ*n a mrnmi4mm$- systws H * • ^ 0 

where tv'® retfc of *> is .*. and this s**rlt is not uocra-sei by the 
MMHt of tbo **tfc mm of An. Then A^(U) 0 la redu nlMH 



if #«d only if Hi© linear fry ve w rA nf .--roblccsi 

Ilex £ *» (M,...,d) X sublet to & 0 , B*K «* 



/b 

S E 



\ 

IX 



\ i* 



where » » (k n , .ku^) 



.*M w '-s 1 

^ X 






B, 



0» 

A i 



\ 



•/hero A„ is the Mfttrix 
of coefficients of the 
first 5 -1 ccsccrtr-.inlW) 
axvt 0 is ti- vector of 

<4 

the C9rre*i>c5*tlh' const • nts . 

has a basic feasible .solution. 

( b«slc feasible solution it ot>* in which only ’>1 vari 
cblos *t*y >e jfooitive uIJLl the c^l^r n - af * corrsaj ©nSing 



to tV.,.- X 1 v.ri’.blio *om a is of (X l)~s. CO. 
roofs '*• t roof sestsi^s lh>i (b , . , . . $ O' far 

r ~ !*..♦, 8. 

3 'fficionqy : .* b vie I'^urJdUie solution to the lino*&* pro- 

*a?aniag problem •Jcasoiittely f-.iwlios 2. , 1^, , . . ,i, fee* 

V.90roK VT. 

r-sc«*«itf* UcnTsracly a set 1, , 1 4 # . . . ,3^ satieJ^iwg 

V A *♦ 

T*e«r«c VI constitutes s basic Visible solution to the 
lino vr pro 4 r »xlr.^ probl***. 

’*3 note tliot ii,{o) in this tbeoniR can to &ty constraint 
for wnieli the conlitiom of the first -■sentence hold, not 3*»t 
tbe lest one in aces* specific listing: of tbe constraints* 

II C 4, Tlxwrm Tills Hivcts '1 oo»atrsd.Kt*, ssjr A (3 1.(0) 

a - 5 

far convanionce, such thefc (b ,& , , , , ,o (b ,e , , . . . , , ) 

* H i»* »* .si »* 

re linocrljr iadepterxient . 

« 

If tbero exists a U such tV.fc : 

(1) a a (u m ) » * K, ot) * o 

Will* 

( 2 ) > , , :u')> 

then tbe S’, im pas lit ice «jss not r<fun Vit in 

tbe conoisrtent gyetoa AU -*• B ^ C. 
roo?: To ,<rov« tlsat cne of * t (U),..., *(*• , ', y /uj, 4a 



• »W 






I 

■ ~ ~ 'o, 
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not X’Al-oi. ■ rrt in the cartseteient systae JB • * 0, ■» e*i 
n pole* U «wfe tb*‘t 4_ (V ) < d d'dle ' r (0 ) * 0 fm 



« K4 * 



n * 

*'«'*♦* * * 



c i.nc<3 (o,, -t » * » * » C h ♦•*»»• -}•>•( **' f 2jT503S^ijr 

ir^lopentJont, A (3) *,.**» 4^(0) “ 0 defines a lias '•>-{”) in 

-spec©. The intersection of .(U) with tb© Ixr^rpXcno 

♦ 

1 (U) » 0 defines U . (2) slew i}>p‘,iie8 that t her© Is a 

<*& 

positive dlrtar.ee ales*; b(3) tcoceouin,.; in either direction 
£vm U* before L(w 5 intersects one of the hyporplenos 



w 0, . . , # A^(’J) ‘1. Let the aesHar of tteeco two 

mb 

diet Trees foe g > 0. -© Mgr select & poftMt U on L('J) o«ch 

t&ct the distance between S and 13 is less than t end 

A (T) < G. Then U** will 3-tLsty ■* (U**) * 0 for r * * 2 . 

1 r 

Therefore A,(U) Is not roduralent in the consistent oy^i ran 
AU ♦ B * 0. 



Clecrly e constraint which is not redundant in • con- 
sist ant gyotrn of ordinary ino^ualitiee is not mi undent in 
the corees^-orvling consistent system of strict Cor strict and 
ordinary) inability constraints. 
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XIX A. The ;d.ncrr rregraeanin^ Tecbnl.ue: in u%i$v ti ; i*uBnar 
pro*. r ew inij wB tscini. u© lor Mr ( robi:Je. « ;iJX wr ^ t of 



the fdlovirc tyi* in oh tbs t^ntry in pcw a <ja i - 0 »•*-?.) 

end eclusn r (r « . .,,-1,0,1,..., .1*0 is tooted t$r „• . 
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Tbs basic verb blee (i.o, 
coluans which tael* a ir> tlo 



ike k*s aid b*r> cora * to tbs 

Identity n&tzrix in tbo ri,ht 7 - '-'xi 



isai’t of th® toblaau) era listed in ibo l*ir*i ocJUxm in n or 



corros’jowlinc to the rw la which tbs one prve' re in t oltr 



oolisma. ;/ .« . for n 0,,..,R are tte 

r«, -{m) 

1» - cr d) sisscciat.cd with tbs v&ritbir? Lr 



'v Jive* a (i.c, 
tea ir*l 



cciurn, Tfse section *-v df y 



m, 



iOi* u 



' »***!! 
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^ f g f •• A# A*Jr 

p Hi MUfl jn^ # • * i 3 hi t/ * ^ I *i 

Ml >Pr «»•***« i ,4 • * * ^ *»*► 

4i < I f *'£ O -* VM l* • / 

»«-'« jH*#***!^ .— 1 » »< 



* 

4 jr 



of tl tr.b2' w u 1.- ct -'M!, tl> tD- 

o 

g frits of tt* v vitcr of exotien fbo .> z£ cc£\r. . 1» f* 

A# 

*roqulro«f:t vector" end In «ur ynitilm* <113., coni jam ordy neroe. 
In feet it tssy be delated. 'l>e rmsinir^ ot-lmn." (i.o. £er 
la * 0, . . . r 5,6 0, . . , ,'■'<*$ sri'e i£> t^ie w body' o* tfco trbic e. 

Tor say column r tao y 1 s (a 0,. ar^resw t;<- vector 

’■ iilch corrasyou. # to that ccC’jm in tarsus ou t?-* <*ctors ■ ■*tieb 
jsafco v& ilia basic. In tty initinl v* 1 <111 l yo y » i 

If as 35 r *»**i y « 0 IT * /- r for m « 0, .,.,21; ? •» 0,.*.,:'* 

(i,9« »*« tiill start lib c identity os the 

loft hand sits of ttee body of the tableau) , and 7 C ^ T 33 b^.y^ w 

“a (cs « 1,« . ,,!5) for r 1,..., (i»c, the rl ,.bt . iM r *.« of 

rn 

tbs body of the iablrru to (3 * }*. “oo firri . ’ i •Jlsafr.ts if 

the last rcM of tl* bj$Z of the tableau, y * for r 41 

.+l,r 

vill never bo used o,,<~licitly mi so tboy C^n ne loletod. In 
linear ; rocro»si*)£ notation ve ievo 

y ** 3 y y - {J •» o «• C 

.i+1 r r 



for r * 1, , . 
which in the inlb irf irbleeu is 



y IM f*r * Hr 



a 



2. 






d ftr r 



**> 



*ar future refsrenee • eay 'jt.- yacr Initial t n 



iti jsatrJU. notation as 









•«4 





































/ » © ,-i 
^ ^ *•* * 

***** 


I?) ' Of 


O’ 


i’ 


- (t^r 1 
*»«&* 


o 

o 


X., 


. » 


* 


0 0 


0 * 


c« 


ir 1 :f) • 13 

4 m ^ 


i.v , <( 5 ^)'" i 

4 


4 .)’ 


ie , tie rtr-u irt- 



v? Mire 

S' ** 

•-wt vector is wro, the first vector of the t» iy of tbo tableau 
If? ft unit vector (eni si-foe it i In tb© b;.eds y. n ** 0), the 

* f * MU | W 

folic *!»», ,* coiuaas ooctiS* sn 'if iaortity »?trix over anl 
u»]«r 'wt.ich ara !? dir. net©.* 1 aoro row vectors, fa r ia ixf., * 
ia *b2., nnl V* *» £* - V,., .. * - ui^ is the i:*-' vector of the 

<= r " O ‘s. 

-o arc ueinj the ^in r»r i.rotrftjwtcy; prcbLew 

Mm a 23 (1> d,.,* # d) f. subject to *K ** C , % - 0 

as a vefclcic for the roooluticn of • troblar., u»' onytsin 
I>ec«ll- ritia* of the gablet* lict' t:; ti« arc of . *** ».*ocinl 
linear techrftluoc, -s novo irtrehucei . ... ,1., 

vbioi in lin ■ -r pro_v wain; v.r© c-d^-i U£lcl~l v .. rlabis* . 
They cro h$« 3 £; wee rally vh-;n i - rt of on i : J ’ 1 iy irt ix is not 

aveilcwle csx. th vectors of tlo »*.. t ••ir *, - >•' in cw .rob* 
lore vo -y«y not 1/vtt rrt nf ? * •ofctty .* tr 4 •:, c*» jiis~ 

poses «m o^xyition *» *111 .os a tbrt * *1''. ■■ :U* tv» 

, I’obli . *&th <*n t.4onfci^y ?r5x r * u„ • 'V; -t ' *1/1 
Victors, ho aver *t»n sa-» ocluRna f '. * . ..v. ' u» 

i’vs^tity -vr ' x, tb-*y« o '!>!>• r p^Ae.' . < tJH. 1 r ”< tifi." -1 



roctov 3 n in tin initial table? - ,u Ln order to rodeos 



calcul&tisras . 

Tbo artificial Viriobles ara assigned Iasi:® .#g "tivo 
’’valaw?'* so ibrt if tbire 1? a feasible solution (i.c , on o 
tUtfe K ~ 0) to t!» maxiriiSGtico prdbloK they «IS2 bo replaced 
by ''legitimate* v«rt«tee» i» tbo basis?. Tlwn wo bavs 
» i d >0, o.c. I * 1000 cnl d «■• i/iOOO . foe* !*nd can- 
yufc&ti«ie b end d need not be aesi'.p^d solicit ufLuoa. Zkrting 



thftt at sry iteration y„ 



* v, *) -)* v„.i + v <3 far 



►i # :>r r 2' 3 

r » i, . . . where v. , v , and vu. ore determined by ttn perfcictv* 

* 

Xsr situation, tbc critrriUsc for th© relative m-jniturio oef 

i» and d ic that 4 ia large enough s?» th»t if v, # 0, ► v„d 

lo negligible while d ic swell enough cw> that if r, a 0 end 

v 0 r 0. v*,& is negligible. Cortwwry to ifce usual >1* ctico in 
A 1 

linear procpaswalag «e will not discard artificial vostssrs aft«2* 
they r rc mnovad fra» the bests. Ter additional twowaioi of 
i!«e ass of ria-tificiz-l variables vs refer to H -'ley (19 cl), 

H>. n 6 - 13 i, iJ£. 

feet tbri osr requirement vector is scro sasssc that w» 
trill always have * n Jta-^3y?rst« colutiou*’ of tbs linf* r inx^rcsa** 
r. 4 sr j.robl* ubiet. crest*v t> ‘iffleultie# fer t'u rtcwiavd 
lino r xrofjrrsRirc .r», *1* ffcultiv. *risc In 

deeiJir. rt-icb vector tc mr o*r frer. the • t c .oh itoyctioa 
aiii “ajrclix * con occvar* ftscr® flcoltlos cw r - 'voided by 




P » mait-m fkT *1 



1A 



tlw v crticbttic*n tuel-aA^a* ‘'~ieb in tboc®? consist a of 
ra; .lae&ny; 11 • .-Ivon re^uireecwt vector by a ^rterbad ro'v.&ro- 
• jrit vector 

b<a) ~ -v e - "’ 3 ' (D • &)* - 7 ., -/..ora Iwrc ^ ® (*,© 2 ,...,e r ) 

for r - X 

.« reftr to IVilssy < 1962 ) , &>. 175-.2J82, fer tbo t.roof ifcat tta 
use of tils yeHusbod raquirasont vector with © a ©efficiently 
mill ositive nisibor* assures a non~de -omratc solet ion to the 
perturbed l£no#r profraerdne; problem thus cv©rca.in£ th® diffi- 
culties noted abere. In jiracticc it la nev^r coaiy to 
ccwpute b{«) lor tbo fedbydr* criteria allied ct eneh 
itereiion satisfy cur newie. 

1, Tbc variable to bccuce a basic variable is k , eev cicd by: 

$ 

%M i:*« “ *• „ <*>» m | %M ::*r <o) 

3Z* * * t |K 

2, Tbe besic variable to be replace 2 ly is < eietninvfi ay 
&, Variables can b® re 4 : I^cod 5sy k only if v. ... is 
positive. If this criterion does wt ,.w& vueljr Aitcraioe 
the vftriabl® to he roplxied, ; to at©p b for only tho.e 
variables ©ueb that y^ is positive. 

b. The Liininuo of t ^ s over «*X1 *a e&rr .%! oxnr fr** 

stop a. If this i.irfnuTi is net *£/%«& ; .- ic ; t-,;* c for 
oxly those variables vtdote '/ox*® ti • 



Jr » » 



f .r 



c, .«r« t ilia i-ro- '?'? euecv»n*vely for one c aussr. 
rftor ~nct ir, t U-Ijv thss# vrriablec vtdeh vers tied 
for RinL.uft by tbs criterion /v^, ^ for the 

eaiculrtion of y ffi n /^ a until a wok uo rinicras ta 
found, 

3. a«y »■ o 2 eel's to replace (cr fc^} by frets tiao results 
of d. In order to obtain too new* t blmxi, *$3 



• *”vi * 

* f - # 



*'W^a 



a* «y2Ucc by r ° r r w '“* i*** 

lt4 is ire aultipljr tbu i~th rev fcry l/y. . , 

t*. 

b, ’or » 0,.,.,1'brJ t roploce jr t by v ^ 

nt* nr 

(y^y/%^) f or r a - ....*-1, 0, K. 2bat io «e 

subtract froa tfco ts-tb row y , (tl» elswaiut in tlx 

cc.x\t:si of S: ) tines tbs acy t-th rcw. Of course thie 
a *■' 

need swfc oe done for y„. , r * -« 

o, ntor tho new bsaic variables in toe first colvtnn of 
the now t&blean (tlisy are the f>£s»© a© tbs previous tableau 
esespt tb t cr is rsplacwd c y fe^} awl enter the 
eorresycnlinc "valA**©"’ in the accord coXwir. 

An t’^.xsrtsni feature of tkis ;recedurc &$ implied tc our 
pertioulsr ;>rUil6itu is tilt k will ror,in a basic variable. 
Use criterion for tie relative ^.^nitwiss of ,1, «xS d 
13 such tfcflfc if ary y js ,^ a > 0 (r. » J,..,,22) t*N» ij at 

> 0 swese K '* -rty k od 

Erl 3 w 

by 1. .» thus tlso t.irdatOEa of y fa ... in H, 

no n. **» 



i-i,!. ..cctjc 



1 % 



•- n 1 



1 '.eesuso y r! 1 mi y 



oo re© 





112 D I, xtMMxy cf risible r-, •vlts*. ith record to the 
co «f crtiftcial vwtoro (i.e. tba oclxma associated 
vith artifteiel v.ri aoles) in the basis at! the satisfaction 
of o, t tecllty conditions ihire ore four ;oosii>lo eitvjatiotts. 

«. .rtix'ioiiu v« ©tors in tbo b&s&e md oytix olity 
Conditions not «*tdefied. 

b, tte artificial vectors in tl» bwrlo «wi opti**&ifcjr 
condition* not r stir: fled. 

c, artificial vectors ir. the b*r4s aid oftteeJLity 
conditions satisfied . 

d, ' riiXlcisl vectors in the basis ml optirialiV 
cord it ions sriisfiad. 

© find the first sit cation at tbs bs ;lnrJ.n;: cl the .. rcblos 
anu it acids until a sorxoe of Iterations cramtos em of tbe 
ether tu&no situations. a will now comidor tbe &l{^iXicasMNi 
of ©acL of tboer. in tarn. 

221 2 2, ..0 artificial Vw-ctcre ia basis «rsi o^tbr.aLMy 

conditions not oatisfi«*£: Lon this situ? lion ©-**>- 

tint® tc tbs aiaoritl© ariiJfL tie s^UBu<2Jtty c** 'Jlllon© 

are oetlcfieo (auction 3) cr »*o obtain «i irXicttioo of 
wdbjusv od sol ct tan in the fera ©X one ©< --or© -.csv *le k 




V ) ■<* 9 « » « 9* *-* 



1 7( 



Then by t hearses’.® I end III *jo have a. mceseary sufficient 
condition ^or the inconsistency of a gysi€*. of strict ineiur li- 
t- . J OJ 13 > >. 

If •q are verkin*; with a system of ordinary ino-^ualitioc, 
i*e still arc freed with the legibility a*KE«et«d by rbceras 
II thfit AU + B “ 0 has oolxition.s with "hidden'' equality con- 
straints so that tf f 3 > C is inconsistent . Mt turn now to 
the detection of this situation in th* linear ^rccrorrsinc 
tsLilo.-»ii. For eooo of discussion uo mrum that a gift of 
proscicnco permitted ti/e judicious arrsaigewent of the 
columns of tfco initial trbiesm so that k , k k,. era 

O 1 il 

now the basic variables, so that , , ..k^ ) <■» the 

variables for which we have er; indication of an taihound©! 
solution, and racra ^rticularly so that k ,k (5 - II) 

1 s 

are the basic variables for which y < 0 (& « 1 ^ ; 

as, H+r 

r * h’ 1 -nth tills a««urjption the oeri® s of reu 
operations carried out to arrive at the present tableau is 
equivalent to the following transformation on tii* body of the 
tableau. 
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1 , “1 \ 

-8’ (a’) o\ 

A A. 
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»* \ 
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Uj)- 1 o 




0 I, 

Sri 
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“ C i ^V" 1 1 i 
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"1 


^ > V *"l 
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"*^i c 


1 ) 


1 ' 

‘ *> 
Cw 


1 « f «} *\ 

■J — \ 
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, 5 N « 

<q> *s 






\o 


-qt'P* 1 01 
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1 ? 

** 


C 3" C 1 ( V 


-i 1 
1 *3/ 






iy$ 



c' * (f* - «l* A* - di*) Is 1 * 2t end 

*■ 1 r * * s C^CTM^ .ends to k. , . . * ,1c. 

X ** 

> I t > 1 

C 0 * (3,, - VL, "* "’ £<-'„••) is 1 x (T~*0 « rd 

i ~* i corresponds to ...^ 

0* » - %,%, - di* ) is 1 x ( <-T) e?id 

** " ■ ? ccrro^'orris to k , , . . . „k^ 

• nd **irrs fcr en indication of in vsihcvtn'od coS.-tion we J*«va : 

t t i — i 1 

°2 ’ C 1 < *1 ) *2 < 0 

4 - 4 (A i rl 4 4 ° 

# v a* I t 

(A.) A,, & 0 where the last (*WJ) raws eon- 

tain only soros. 

, * irst wroblen to which wo address ourselves is the 
cons i • :ior of a vector K sotisf/in.* the inconsistency' con- 
dition of Th cars X. Let the ix(f-T) vector « 

» • t • ^ • «-‘^t the lx{ i^d) vector ICj **“ {V i « • • , 1 ) 

bo an srbitrr/ txjsitivs vector. Lot the lx(i’34) vector 

» * « 

» (k^, k. , ♦ . , ,1« } ) be wot or. lined bp IC^ ** ~t* 0 

(Djji-AgAj Bj | ApAj ), Vo note that i» « nc*n-nogrtivo 
vector for, 

(£ ? > 0) end (B^ - - C) and ^ 0) tafCir {'.j «* 0) 

‘urih@re.cr© ?o Ik vs n»K « 0 for 






•* ■ 

tm M) ■ I 
















v 





199 



D’S * 



* »\ 

1 B 4 b b_\ 
12 3 
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» i -V K 1 * B 2 *2l 


|° \ a 2 A3 1 


“2 

ISi 
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I cr application of theorem II we note that mb Ivve a K ^ 0 such 

that D’K » 0 with at least , . . . , positive. 

■'ir.ee the last M-l row® o.f (A.) ” h' are asi-o k . . . . ,k, 

1 2 „v>l :l 

will be aero. In this case the problem posed by Theorem II 
is the existence of a D such fort : 
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which is o.uivilnryt to tho problac of the exisb^ee of t>* 
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where (a . fcs? sr*!,.*,,'* <.n$. a*ks® the 

*• 2» 

* <* V ♦ 

of and r^poctlvcl^y vZtXe 3 £&:& _ 0 cro tia# cots^ 

JL £«► 2. 

. \<?ndi:xj constant vectors , Cho ar/sia. 13 c if r(A 

»(A 3 ) ml Ineonslsiant If r(A ) < r( ' B } vUira r denotes 
ttm rari' of & mtrix. In the tableau -» l*v* s, I 

)|r »* 4? *© i* 

A^ C^ 3 ,,« 0 (aoe 3 below) so that r(A^)»r 2 ^}, and we hsre 

esprossed (a .„..,|J for s^b-t , . . . , T as Xinocr c^irbiraitloni! 
w t*I ru 

of (« 



ruP* 



,) fer »~i , . . • ,-1 go that r(A )*r(Aj), Therefore 



i*i 

B-: D »0 2 s eorair ‘ „ if stx! on 2 jr If every row of ( 4 , SL> I# 

4*P **. 

# * 

c;:;^ssiblo as a UflftOfcr caobinr.t ion of iSje rewo of (A, 3 ^). If 
*oa© ® (r-M+i, ... ,T) in the tableau tL*s cciros;X#Uinc 

C^r***'!* * ••♦ < Vp ** a** » 4 pr«»«lbls as a linear ccribination 

* « 

of the rows of (A, B. ) j it also requ irmc tbs ’unit rector of k . 

11 o 

Then r(A*) < r(A* 3 # ) and tfv+lf « 0 is incsxrsistent , If y ®(> 

».>r 

for «s hare tbs resraired. linear combination,, r(A*}'~ 

t*a s£ tn 

r(. 8 ), mo hare a V such that A 3 <- 3 “ 0 , and the c.s*&tr*ii*fc* 



A* (U) * 0,..., 4, (U) ** Q, A , (0) 3 C i (U)* 0 token to- 

cotlor baply an® or tsccre cqxsality eonetrt^nts on B„ 

In t;j3 latter etse wo will rent to return to the c*4..fS*n»l 
regulation of the probloa to ascertain if thee© * rereously 
xr;rocomia«d equality constrAinta ax’© accen t* Mp in tbo oontort 
of the ;-rdb*RE3 et hand. If tbay ero *eo t -0 m> «*o -r jrtit-o»; 



- B *»■ B 0 into a system of ®v<anlii„ c a;Lr it- , + I • I, 



- nd t> sj9 im t - on-eur 'tr.tc, i i4 <U) ^ 0, . ... 

+i 

V- CD v CD ~ 0, (*) * 0, «■! my ^Ir 

the ..racseiarn c£ section I. 

The scks mv&Xiat&b to tystexs cognising, both 

rtrict r,i ^':in,zT? Irar^jiiliiiss with too additional jircwfiaro 



that if «nr «*» of >*(U),...,.VtU>, •^. < ( ; J),,..,.V<y) iy a 
oti’ict ins^a.&ity constraint tlw ©yc toa ts Xaear»ist«Rt. 

% not* that iks indtcatioa of un x$$*cunste& solution to 



the linear nrofraxiirc prcble «agr «*?* cnr before £11. artificial 
variables art r»yto—ot < in ftct vlmm r(A) < :* in an InMnatietool 
sya-vca it nsvEci. Ths indication ufH %^:«sor .•« c resafafts&c I: for 
which ell jr. ^ 0 ant! y- 4 - < ft. In particular rnat te» 
y « C for ell artificial l -sic variable© because C* relative 

S5. '»T 

rsnrnitijlos; of '-1 1 and d era *uch tint if sll tUece v ~ 0 and 
am of than in negative, ^>0 whiafe contradicts the hsrpo- 
tbosl* that we beam an iwJiC'.ticn of ca islanded solution to 
the linear prec rising problwa. Given such am ir^icotiors no cam 
construct £ * 0 ac&isS&tzc 3 l h« Q fcgr •rtting 1^- lL>fc 0 for 

basic k^’e where ^ 0 is arbitrary. 25a® by oroa 1 U* S > C 
is inconsistent «m 3 if 0 • £-*• 0 1® Uno inconclntcmt , 

1X1 *3 3. i'fe artificial vectors in the besis «wfi cutis -;lity 
ctarfltihms satisfied: fho actiisvanent of cn o;: shlutico 

to tiie linear yrc^rc.r.in.^ f rollers is sifts* I*** ay tlv ocniitton 

^ 0 for r « C, . 1,..., 

(y ^ -for r • *o\. irrc_ftv-nt ■ -ra.) 









In this cooo w« ere assursd by Tb* orcus I and II that tlx: 
systcci AU B ^ 0 is consistent, and we can exhibit a 
first «xtr«»e point solution. 

To shew the e^trarja point solution *m a. « in ass me for 
e-sa of discussion that we arrprvod tho coin. ns of the initial 
tableau ao that k„, k. arc the basic v-rirtles in the 

0 1 ii 

final tableau. 'ith this assumption the series of rc « opera- 
tions carried out to obtain this tablosu is equivalent to tins 
folio d-r^ trv ns format ion on the initial tableau. 
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r .us if d is sufficiently refill 

^( 2 'rfr < 0) fc * Mil n^ < °) thlS3 ^*i *9 “ °> ^ ;iios 



(y. . 25 o) 



TUi ie the £suti*fACtlen of th* oytisiaitty c<XKlitio»e w u*.r»nt««* 

th t j - 0 for r « !,♦*„, . 
a Hr 

Je now will dasonstrata tfc»t (y c1 y^,5 , the first row 

of the columns for the rtifieisl v«risixlsc , ixxfvito us with 
cn oxti'awso point eolation of AU * 3*0. r irst «e subtract 
p surplus" wrls.t3.e3 frost th© inequality eaa*tr&lnt* to convert 
th© s>etss£ to a set of equations of tl» fez*:: 



*/ 



y - 



^ o 
0 \* 






X 



2 



/ft \ 

1 

*2, 



® o 



whore Is the Its! vector of aurulta© variables asaocirt *d with 

1 

the first K Constraints and a in tbo vector of surplus 
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variables ssooei-t«d with th© rear irsirg C**l constraints. or « 
solution to . i tisty all Inoioality constraints -** uni is vo 
. * 0. To obtain a solution a-lth th® first H •©natXMLnts tel’- - 
inp a s equalities w© set *» 0, and make the tr»*»u itne- 1 l©n j 
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which cm be crt^ffn Into tvo sets of o-.uatlons i 

0 * £« « 0 or U* ® - (A^) 

A*$ « X* + |L « o ® B.J + 0’ >4 * s£ - 2* (A*)” 1 kl 

*Z it* & X X 



'•eferrisie: to the octyls ©umary of tbs last tableau, wc not© 

thftt W * ~~i *V 1 88 b ’ thGt ^o,a*^i ^ 

S,! » 8* (. *)’"* A* » .<• alxi thnt the srtl»fr«tion of the 
o^tSK'-llty conditions JwpliM ^ C* In coition we rwaalX 
frar. section I thet f „ivm a solute 2, we can ccr;njfce 
* -.«^r a 2° + C^)* 1 ^ 2). In oar last tableau 

*~» 4 » 
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wo havoi 



*-*1 M 

^ y 0, ~P* * * * ,y 0 t *~s) * * * ^ t ('*!!£> J • 



« (0$)* for i'* 



» -1 



{- 2 , ) 



Thus the linear t rc^raxsain^ technique b-s „r ■ • uco hr *rire»s 
• ©int joint ion to th- ori^li?! ~jvt '- * 



r._- :*' c^mtrrlnts. 
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Aitfcou/h *m fesw 63a*0K«rJI a special csdorin of tho 
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coltzino o;‘ tbs t o2«au for moe of eaqxjslttcn, tbs ortlnrir^ 
of the coluaas of the Identity tt*trix in the last table ru Is 
irrelevant to the or-or cf tho dements of C* arsl vl->) • The 

Uj* 

posit low? of the various u's In these res? vectors if £lssa d 

by tho orirrfng of the rc'=s cf the tableau* 

XXX B 4. CptSndiiy costiiticns satisfied with artificial 

rsefcers rsrir icing in basis : Tba ranee of thin situation 

Is e auf.fi.ctent condition for 41 * B 0 to bo conclatciA 

and unbeeseaded. Vo fi-cilitst© tNr desaowriratiott of this 

essortion, ue arnixio that t:& rows esd columns of tt® initial 

tableau were orrai vjd eo that 1 , . ..,1 (.“ <•■} ere tho ertifi- 

i S 

Cial variables wfeicb have bacn replaced by tho 1 -itirxais 
virieblea e note that an intnrctaqg* of roe* in 

the Initial tableau dictates a corrcs ■. on- in?;. intorebca^s of 
elssaents in 1> lth this atssu^vticn the wries of rou opera- 
tions It • .dvclcnt to the fallowing trr.asfcm&tion on tho 
body of the tableau. 
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utMPft G* - C* (A* L. & 0 algnei# the satisfaction of 
2 3L 

tho o.t i:\ility call it ions. 

* first will ahem that a. tfcsulity coniitlona can bo 
.. int~I»ad rr 4 >I*ci:v .Tttftcisl variables by legitimate 

vr.ri.~ble s? in the following wey. 'tote tihi t ^.n *fct*Xs dlscwslor, 
the in lex 0 will vary *» acre artificial variables •• re re,, -laced. 
' eausRO that y >0 fsr oasts ra * ^kJ sccjo 

U* iW 

r ® fl iben we soviet an artificial variable 1 * for 
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;bich this hoi. .a and replace It with k m eciiccted by tbs 
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criterion 
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in the tranvfossau-ticm e vtUL re, X. at y ^ 0 with 

y *M flrr “ 'She* 



* . . i , r 1 c 
y-* *i*r* 



so thet tl'- oj ■tisulity e^-.'itions arc aaint/.in d. o c ..tlnuo 
r*?!* cine wtiici:! vector* until we r-.-ch •• •itv.tion in 
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it ich y . ~ 0 for allien. * i, a:r’ r * l,...,"'. 

This list ^cva- bsc-vtoo vttt sufficiently 2*s^e it is not 

.joosible to srtis£y the ngthx^Xiky conditions with only cm 
rtiflcial yerieblo as a b**ic variable, f?ny , Tor which 
jr* n+ r > Q for ary W * t feNM» in tfefcc croc: 
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muni«i % jj +r > 0 %h *•# < 0 

mvws now that |L . ^ < 0 for smmb n ® "*>i, . ..,<K oft 

IT K ^ 7 

5 'tse y ® S 4 'i» Thou select ®n artificial variable 1 ^ 
for efclch this holds or.:! replace it with l aolectoo tty tho 
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so that tbs optiacJLity cc:x!itions will be satlnt»ined. o 
continue replacing until we (a) replace ell rttficial 
variables or (b) all y r » 0 fore * 1*1, .. . ,X and 
r * C+l, 

•t'Ltb regard to (a) wo have a tableau of the foiri ^ivcm 
in section 3 above, and in particular we net© that in making 
the trsrs*fo3Siation which replaced jcy, 1., by kj, to obtain 
thia tablo- u wo replaced y , 6 0 by _/y K „. t ,. * 0 

H WMt *4 t n i.jcle.4, 

1 — i 1 

for r ® M, . . . ,E, i.e. the lest row of (A ) iL in the 

1 *2 

now tableau contains only non-negative el - .. 3nt9. As noted 
in section 3 w« have a solution to AO «■ B - 0, and we now 
will aedsibit the nontrivial solution to *8 ^ 0 by 

Theoraci IV to establish that the set defined by *0 ■* 0 

v*v 

is ur&oundod . 

Let U = * MJiero e,, ® (0,..,, 0, 1) is i:tf. 'ince 

r(A. ) " !? every c cl um of contains at l®«.st mao nonsero 
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ela.ant so that U f 0. 
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Clearly * 0. 4s we noted above tho list row of ( *)“* 

ccntcins crJLy nan-nojpativo element® so tl *«t the list cclutjc 
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• 9 A“ 1 e . h q crxJ f* is a nontrivicl ion of 'U & o. 
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r ml v* ifc d ©efficiently ®e* 21 the Co sdltioiw 

MSttT© tl. .t D* - B,’ (A* )”* • * - 0. 

*& -*» Ljk. v»l 

In this caaw m s,;- in tv»vc * sclt&ica a£ W ♦ B ~ 0 
to b© fomJ in tta> first w of t? »* calirn cow^^rMtns 
to V .40 artificial variable©. If •« tvk® U* *» C-S^) 

J 0,* f.) we taw® the follwring Gio>r*«©i*n for ‘0 + D, 
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o w© bf*vc & solution ulth the first l conetrclriis holJini, so 
ecusllt ins . It is not an ©:-trs*a© point solution bacsuse ti® 
ret ; loooeoaoo no ©;<trono points. f .n ©jrircMfi ;*,int in '-oyeeo 
la fijstsJ fey £ ItosasSy fi^op«nU«rrt «*ctcr&, brat that f. -ct thfct 
w* haw ©j^srwwed * * * * ^*1* * * * ,a r^ * n 

tableau as lino-vr cmhiattlon# of (a^ , . , . ,a t ^) * . ♦ . , <n ^ « ,r. 

i. . -If- " that r(A) * 3 < R. tixurnt-ant tl».r© mfo rvt *vsil , .v io 
?! linearly infi© 4 t!«iont vectors to ©»/©clfy »n «'ctixs.a? print. 
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In audition the twt tujt r f J 5 r(A^) sens* tbit any 

selut Ion U to ( yA 40 ) U * +• « 0 will satisfy 

*£F » C. 'och a ©elation la . ivers by •■ n rbttrcjy U «r*3 

2. 
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Tj^ « - « Thus there is e nontrivial solution of 

the ho ©sertfoto ayetoa *’J ** 0, «nd by thecrcra 17, the *ft 
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0 is unbounded . 



2H C. A 2 eecaesry ud uCficiertt Conditten for inbo^rded- 



neus : © relteret© thrt the conditions of J l show ere 

s^fficiont but net rw©e#sary for unh- «idsc>me, Therefore 



tfa hill oresawt £ method for let ext lining; the it-dotcneo of 
a nontrivial solution to SJ 0 If it ©data . £efor o clir- 



C'tsrsia^ the ssothod we not© tlict if iS > 0 i s conaistent 



tG 




•G is con© latent while the esenvereo Is not true 



?nd t‘c t Mi i ® Ja always cNoswiatent cine© U * 0 ©atloflec 
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Tfcoorsra I, II, ®rd XII boll for hesse ‘-nacuo •« •-‘ell j 
non-hao. gemma ayct***© aryl eonee^uoctt^v wo test tti© con- 
sistency of 4U > 0 with the l l eim tr pregraMAMC treble*. 
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m# cm i t bi«**u for th# ^ t«x -*J > : j rttiny 
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B 53 C. Cn tl tableau ttitli this is accomplished '07 sub- 
tracting the first row of the t ’bleru (except far the 



colossi of k ) frara th'i last row (the y. r< , row) and then 
o w-i r 

subtract the first row frem itself (exert for the column 
of k^). % ccsparison with tbc tableau of section & j 
above with B « 0, we see that this row operation yields a 
tableau widen is equivalent to tbc indicated trsns f oirmtion 



on the body of an initial tableau for the cyotess /U > C, 
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Before proceeding u© observe that in itr .otico -a ■would 
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wtsan fjjfj&yinp the criterion for tbs basic v.-rb bis to b o 
r»^lao*d ct emote Iter tion, rauLi trintfanr* the row at 
each IVo* lion in t*» usual okm***. In - Viticw wo would 
continue to transform th* left fci.n3 section of tfe® tableau 
i/±ch <sor?ae»x5tV'b to the origin -1 «vwallty constraints as 
befera. Th© additional captations entailed -re relatively 
ssiall &nd ss Icr*, so tbs first row of the tmKL»«a for the 
celvnrs rf k ,,, M S^ race in non-negetlw, this tableau »ro~ 
vide* «s with m extime point solution of f V * B 0 
which would otherwise have to Ixs obtained urj the sactJso da 
of section 7. Ikwever to avoid ecerlieating the discusdon 
in ibis section wo will aessmt ih*i the subtree tion has been 

S3 sde. 

♦ I I 

If after carrying cut the subtraction, tbs now - C ( . ) 

)U> * i 

I 

M * 0, the c^tbselit^ conditions aro satisfied, % Wift Wi Mi 
1 and III, Ad > 0 la c-er® lot exit so tl.&t t!> re it; a norstrivlrl 
solution ct 8 * 0, am bjr Thcorae 17 the set tetis^yiac 
AU c B 0 is unbouw hsd. 

If tlx? oi tin-slit y conditions ere not « . fcisfled wo 
the simplex toclsni'-i'se as in suction until v» obt*i» swtis- 
faction of the crytiaality coiVSitious or an iodic tion of nn 
unbounied solution. In the lattex* case vc h* vo that /U>'J 
is ir,comi«t®nt, but ws still how the possibility 
V - 1 feite to a nontrivial solution in .-bicb a »s const r. into 
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hold ess or. 3 i litivs. *o <*•»- tbo discus-ion Ks as: 5 u*w that 
farosi^t or ooJ fortune ^ntittusd ju to arra<x,© tic 
oakstns of tbe orl. in&l tableau so tt»t fc A , k.,, are 

see the teseic Yark-fcloo. sc t’.u,t k ( 1 ? £ 1 ) are 

tbe v rinbl for wfc deb we Ij&vc. an Indication of cn vo- 
bounded scIuMor, -rsi s ore articularlly sc that k, , . „ . 

* o tbo (Mile vnriebles for *1i.cU y <0 far 

*n # K*r 

5<*sc r - X- itb ^-V. '*-3'5^»tlan the rerloa of 

row operation* carried out to yieid the ; re; *Kt 



1* ©iniv.leni to ike fellovtag traneiore *iiort cm the body 
of tbe t^blc-43. 
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1 1 
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0 
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(y 

i < 

-c (a ) 

1 1 



0 * 

i. r 
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0 * 
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< i r *e 

5 -1 t 
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.r* . 



C_ m C { i ) A C (A 5 

2 i l 2 3 i i 3 
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1 I » 

( ^ 4 ^ + tl i H ) in 1 s i* -id 

coiTeep* :■» to , . . . t K 

<■■’ 1, *V d U ,.) U l x <l~n «d 
n «£ - 



o©rtr»* <k s to k,, + . . . ,ir> 



3 ** 



- ( 2 



U tl 1 ) lO 1 K ( -—I. 1 / .id 

■* “* c •> ■ • li 



I > » ‘ * »k. 
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v j® ■ 
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v^uv- a • • • 4 * ' 
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ih/a 



i * , I 1 

\ ‘Vt!* / Wf 






^141 
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♦ 






$ 44 



% • 






• t 



/••■••ar 



w rwi * i a 
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L j t *a j^w* » • (ft 






*ar/J for tat IrcJisst lot. of ws unoounood solution Je larro 



i - ■; <%r- 2 <o 

i, 2 . ** 

(aJ)~ x &1 **0 ’■ hero t:# last ' V r«MV 

* *«■ 

contain only aeros, 

.% construct a K * "t e*il*£y4**g I'H C by setting 

^ -» o 1 * !sf l«ttlns f'4 * (k. Ivi ,.*.,kn) 

» 

bo sn 6stM.ipt.ry positive vsetor* a»3 by soitinG « 

8 . 

Ck v * , . ,k. f ) * -^2 C° * f -y\ )* t? as fcewn ic sootier, 

# 2 this smmlJ m a, X k 0 esfeisfyiac r*K w o <?ith 

positive. In this esse tlse ;rdUlo» 
pos«Ki ty "ijcorcMi II is the satis t encs o? s nosrtrtvi«JL 0 
sstisf/i i*r: 



■* CO) * ... * ^ (O « ^ (I) • ... 



(U) r. 0 



where 



. «ES 

V (J > * ^ S»\ 



which la c »v±vsd«»st to tfcs prool*so of th« « lit* nee of a nan- 
trivi-I U satisfying 1 1 



$* U a 



* 

1 tx 



0 « o 



WAi-e M* rsm of «ra C*^..****^), 



1» that or.: -r* -i?J the row® of :*„ »_»e (iv 

4 a 11* <■! " 

• *.»(Afl,...,c^ 1 j) in thrt crier. 



U5 



i.-l ♦ 

?_nc© the last (X- ) rcwa e, (;', ) /v, in tho tubbaeai 

re zero, < © »»ve e.% veo^cti in tb o tableau «• cb i* a of 

ik# 

us t. lirv •” o*Mmt4Um of the rows of a . ilasrcfore 

X 

jg 

r*( ) ® r(.- i ) * . -tJ l 1 s«t4j>&infc i 0 » 0 «1LX also 

satisfy ** U ** 0. fra* the c«sor«l theory of »lrsult«BoouB 

S 

linear c- 'aailons in S! «ni?ww»s, w have that tho U ® C 

baa » urIv-ub solution (in this c* ® U - 0) if r(^*} * If 

aryl b*e *n infinite miab«*r cf eolations ( o »i we ^\a*Kit3y non- 

** 

trivial ones) if r{*^) < f . faerefore if < 21 or e..ui~ 

vrlently if tlsoro aaist*" • b-oic vxr la&ta- k for which 

ra 

y « 0 lor r « tbes *L’ ^ 0 outlie to a non- 

n %srSr 

trivial solution ant th© set satis tying 4t • B 0 in 
abounded . 

in mwsasy the s^yolication of tb* .;roca<luro off thfce 



root Ion will xrvri'io ncccosrry and sufficient condition© 
r or the convex set to to isixorded. It will bo . dried 
out in section V that even if this preeadttre is not aj^lied. 
tb® ,rocao» of c‘^ c ^rtins art rone points u*iH cvorta.-lly 
reveal unbcnaa;Jedn®es . TboreSw* cn altflrrwtiv© to this 



t roeedure io to rely c<. tbo r®o«ltD of > unions III ‘ • 



end V. 



^ * aSkJAhc. Qae&Zx&JJzu 



i>vf* 

wUfeJU 






C is 



red.r>r!«:jt if every i?oini e'iis^drc tbs res, xain. - - trJlrta 

rush sniiafy the on© in rnestion. ?!xj liai cf 



«**» 

4C 



i-C 



red- start. c.jr^sr jy uc ?n end in or *« «. ‘funet 

to tc ». scr- tion of tlm ©*-tr«s« point'* of cot «i set. 

In tr«* i-'ttcr c- •: tuc *i-*r«nc* oi r**itax!tnt en« trrfnto 
is undo ■ irshl«? beeiuoa it aroans tb t wt will be cerryinc 
out CftlcvdGtiaflW for tho colxnm ot the tstloeu corr©- 
to tie r»ch*n.l*nt esnetrsiHiB when in feet t.xsy 
ere useieo* for the detettsin&tian of extr*** points, Viera- 
iore it 1. o clrf-lo to elirsimte rod r*2*;? eomtrainte fras 
the i-roola Lf this c u oc done in a acts a *ey *s to j rodvsco 
a not in eo*Jp*tJtiaael effort, The :^t;sod bslcu 

invclven the a^lio* tion of - VI* Y13 *nd 7211, *,ts3 

x»u©13y will .r’oJwe « cnTif^.o ueeauce the ccs »ot tiono ro~ 
<l«i rad to cteeak rwhrslancy are rsvn© which would ha recuiyed 
enyway in the c ury- of jjenerst*^ eattw© points, 

3Y *, Oar r«I *«thofi for the ■■otr.wJknsy vjet j 3y the tins 
we hsrtro roeehed t v ^t-ajo of aj-jslyinf tils etbo* i»* ‘ill 
have estvhlishod ttet J® 4- 3 > $ ft* ccsicistent* t ■ t r( 5 ** 
Pf, an* for norfcneie v .cl shies, say u..^^ , . . . ,k^, i? it r{ ' ) 
is not chscraoe »1 by the res e-v-l of the r-tn rs-’ vf hess* 

r ■» I/»i, Therefore} *j are in a posit!*©! to t t. on© 

of »\j 4 ^ (U ) , . . . , A^(U ) for r^ lmUncy* for f«t con- 

eenie-ice aoso»» that *** t-st '^(U). 

fram tbs result of section UX is 3 • * h to an ' 
table u ti.c body of «©.,lci} i.*-i the *ak. i - ? :a t'i • 
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~B 1 (Aj) 
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0* 


B 1 
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( V 1 


0 
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T -I 
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A, 

a* 
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1 *n 
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0« 


C I 


! 

C 2 


o2 

1 



i 
0 

\° 



a ,’)" 1 



- c X rl 



0 ? 

I 

2 ! 

0 * 



i i irl * 

B 2 ~' i^'V *2 

V G i (A I)’ 1 ^ 



•ws ' 

<o-s 

vvv" 1 ^ 



whoro 



C* » (B * - l ', 4 t - d 1,’,) is i :: K r.nd 

1 1 ‘ * K covrm^oiT&a to k , . . . ,k, 

1 K 

» (3^ - W l’ ? - d l’ „ , )is 1 >: (fc~K-l) end 

*" “ ~ -•'•--I ccrresy-crds to 

i n^!I 

S “ <a 3 - * 4 *> - « * S * ' g - a * - d 

corresponds to fo,. 

** <c^ * c*<A*rS^ j Cj - c* C) * o «r the 

opt iiwilit y conditions . 

In order to seek the conditions o~ -u eorcsa VII icr 
^(U) , we wish, to establish If the folic /in^ linger ^ro- 
nrtriRirc- pro^CL® 5 he 3 s hr sic legible ec2.ution. 



itl 



/ 



\ 



\ 

fKl 

P 

.it 



!2sx E 



(M,...,d) K subject to £ > C 



* j* I •• # • • I 

| ^4 ^ € ® 

i 4 5* f* '• • * # \ 4 > * W 4 




v »E » | fr S frUp I jp «- 



j ;5 



wlrre i\v, 



• » 



(&* 5 * i* » » » * «*i* / ! 

v 3 , _•» 



B» » 



1 B 
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0 ^ 



T.-ts is ila linear pvor sttdbv pro'iJm m vocCsS \i-v& obtained 
frd£ eur or 4 *in*l * .-rcbl.*; had *-?© rotvowi tbu Jftst ceXtran of 
the initial tableau s **3 insert cl it in place of tho uoro re** 
CtO&SVXARt VOCtcS'. 

In order to start to Jeten-ino if this ifetjear procrea- 
r.irsc premia* has ft feasible ocl'.ttioR, «ss onto that had us 
av=pli®d tfco mtw ooric® of row operations to a t wXocu for 
this ^rdbXam «3 wa ©ppli®d. to tiao tableau of tbs ariciml 
rroblart, m would htso arrived at a taoisms which is the 
one* '^v«n shove; the only diffoivneo 'Avoir’ bo that now tl* 
last e<?IURR of tbe tableau is the tw mfented r®c s uirrr:«T?t. 
vector wilch in a linstr ,. r<^«r*?lrc • robi* lives tho values 
of tlio Zh-sie vt*Usbl«e in the solution for the near -i.na.2r pro** 



.’risa-^inc I’rdo&m. It is eo eptinsl solution since 

^ c i *2 * °» «*• if y s j}f|l * 0 for » * 

it is also feasible glvijy t!*c conditions which h? ”hoom a 



VII inpiy tb»t £_(U) is redundant. If erne y , t < $ tho 
S' ivition ia not Awsitle, ant! we nu. t n>' r« - vice ro 



: cterrlne If * basic f - — "ibis oytS? ai : elec ion nSutta. Ilia 
foci plr, Alporitbn is * »r. lo<>, 4 - . a full 



Ill i, 'a i-A» thvi t’v *• er? vl'i will 3*v\«r* f t the 
o, tit JLify o*j \ dtilioc» :r» sr*int' , *iir-. «it»r ttw tr * '.3 f* na- 
tion. elec rot© that the first rcr* cl* ti*r ccSLmtcu of the 
v b'lt'.iu o^rrvc^vjD'lin; to the ^rtlflcicl voyl«bl»tj -.ill ^ivo 

ub l) of the ■ :trsaie ioint solution for .{ r J) « ... * 

l 

V~i^ * r*W ” H*+1 CU ) * a ^ v * 3150 

cirri' vi that row otercttosss on the 1 ■ ft V - r?> 'MpctS'n of the 

tableau T o c‘*tJLa the eorre^'.esuoirai U® . 

* 

Use re;jc^t' J e^llcatioa cf this ..^nocoiuro sitter titll 
t.rovile c basic feasible apt Start. tcCLutlor. in * ‘ .ich c. as re 
ten/o that A te (£F) is roduniant c*r nlll lead to i eituction 

Is 

wr-cm v» laws a fc « for wfciate v ■*-« <0 but r * 0 for 
la k f! w fi r 

x' • M,..,,r«l i» which csoe the lima? ^ragrarsKb*], probLoa 

has no i«.sic facsiols solution and A^(U) ho not j^rtsdant. 

In ’crsernl « linear * rdf naming yrouliR has no iV ; ii&e 

solution, a hc.de feasible o/tixsl solution, or an unb-'UBrted 

solution, fe beve concixhrod the fint two poeaiblliiico 

©.hove, ** n unbearded solution is not peosftfcl® in tils emo 

bectre-e •» sU-rtod with o tableau for ut-.teh y. , t . » c - c 

* ‘.*-1 :S*r r r 

- c r r -i (r rey (i-Xfc) : ivr), 

XV C. fthwr rit*ri» lor cion-’.- ncy • nS »2rkva<m >,cy of 
i r. ctniatss Ih© roeeture above can be «*«d t-,. ci^k -v& 
const? int A^U) in tie* ejaptsisri 

1 S’ *V8 r( } .'if tteo m-cVv- of (a a J * . rust 

ST- - 














* 










U|I4^'mUI4 










tfocn . '• • a-.- X . -j~ ■ (t) suet U-ot s < ru, cv^l 

8 

of . r ) vriil X! t;. r»f *£ ,1. •joIcx/ «tll 

&JL fj* a 

<wr*.,tual2y th**5 (U) is not rxiavl nfc. •'bo >tber 

© 

cri tori'* or* inclnled ns optional onltorii. to shorten ta» 
nroecss ®X etwekin. for r -finisiscy. 

I , *-plic ttan HT Ttecnss 7X12; if in ary t.-JlnsAi in ifldch 

k^, kj,. ».,!&. ar* bjtisio , y^. >0 J*r r * II 2 «... , 

than by J'j&c&'m. till none of A. (b )*«»., i® rtK’gwtsrifc anf 

n»od :«-t to ouaclcrf oy tbo proGc^ur* «-uove. boc.H tit 

y^, > 0 intilm tt»Kt t t M * mztmm* point in 

^(U) >0, au psrtlculAr if Ka) atll bo e’eemaasu fey tlso 

r>y £ esy, k* vill .jover Xesw tbs 

. vuint tb» ..wcSfJtssv »bc¥3 ww atwotnally wtion all 

at cwnotraivifca -•*. «riil . tiiij co»- 

• it let. jsstSjfiw! i-jr A. (o'). 

1 

j . i4 nfcioau. coaotr;i.ritsj a- in aty wa t*.v® t-*o 

Columns t£viah idanticel* them '•» of t4»B my tie ieietof 
since tbs two oc.xt3xirjt5 «r# in yoaiity tba tana. 

3. .iy^llc? tion of Ibao rm VI j C2xvr3y it not r,«oessh.ey 
to go t-.r-r^.h the for. -lity of epiftyinib t*w slot, la?. 

ffi*^ 02 ’itte if iui ^ttnivnlawt rasclt is « ra-J&ly oJt*ini*bIo. 
if *#l*r tie rawol of nil artificial vector*. Irctu tlx b^-ia 
uo bare in too tableau a iwnb&sie k„ lor wntch y . a _ * C for 
is * * wo l* .vo yrotiaeod tl*> srt of e ..-.sln.t. *^.c-i uy 
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Tboorera VI la stiffici *r,t to declare tb t i w ('J) Is 
r abundant . 

© ".'lao that this procedure 1c mad to olisJLnrto all 
r«d undent corsair- into, tlsct a suit.blxe condensation of tlx) 
t abler u has boon <■*.!©, an! thet uc hew ronu.^>crod Go that 
we have a convex set defined by 8 noweri undent coiwtraints , 
v. S&mJ&SL Jg£sm % th ® tiao *« have raacbod 

the siege of "ooeratinj tliC oxtreue points of tire set 
satisfying US i B ^ 0, ve will have MAI Ufkad thet 
il ?i 3 > 0 is consistent, the t r(A) * II, that none of the 
reEialnlnc constraints v .re redundant, irl if w© used the 
procedure of section I IX C whether or not the sot is hounded, 
¥ A, 'iccordinc; Ivxtrersa hodnts * A reasonably cctspact VAce 
for recording relevant infom--tion about each extra «o point 
is a tabic irith P colirrnu which correspond to the constraints 
(the constraints eppeer in the table in tbs v* -o order rs in 
the tableau) and (»$) rows cor w ea-a^liX' to ell cmblnoiiouc 
of the R constraints taken I! ft & tine. ITjo iv.r.I >;r of tas.- 
troriG points will usually be considerably leas than trio 
ntrsber. t particular row vd.ll have l-H of its ceils blocked 
out; the Y unblocked cells corroc , cvxl to the particular con- 
straints which hold as e-pool All »s >t that point. & racy 
amry tt-« row go thet th« first T) rows ro j.or * ‘Gluts 
at ’.rich the first constraint holds &s an o-'.urlit/ while the 



hoi)* - strict ' "ithin the first set irtar- 

V -O 

mined Jjcnw vo arwit;® the swj »o tU t in tlx» fleet CTl) 
both tfcn first vn.l rccn! aotsstrcints hold m o >as>,litia» 

r yg 

•ititlc -x the “oc' ni ,) rrau® the .wcand ccrctrcirfc holds 

« * strict In the ;-«t «- rcwc far which tie 

i'.-rt c;-.rtraint be&Ss >js '. strict toscjaeliiy, we sr«;^s 

ifco rows so that in the first (*?%') th* ;cs^nS constrrAwt 

& .*» 

l*r.Vif3 pj? cn crudity «od in tiw o sear* { '->* ) 3\>s the second 



C'.v*tr?int -cl-- • cc • strict iccrcslltj. * re 1 the sane 
roov * .'or crcb of tlsc fo r- .-ets let uriiiei . /re fees the 
thirl o**jstr*i£&, to. until we b*vo Heati.ll-.* 1 «H (f-> 
paints by coi«rt mints 4r$eh iicX-5 s oqrrflitio© . If vw 
had !* siiWjLity coast r. .Into in tfoe original , rohl«s end cbcoc 
to corry a t abler u vith c bewS ? >ciion for those >r- 
strointc* w* add i .ore colu-no to tl» trwlo fee' these, 
n of such ». t~ols %z ;irrri fc«I- lor ft - j, 

» 2 , rust » ** 3 . 
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12 3 4 5 12 






ipw ir I ^ +JUUL I MirfHM IMS AM MM * 

Am MM *0 

M MH* AAMPP^ mi I I ,4 ■ ^ <g '** A m 

MM MM mm I. Ml MM <M •* 4 M 



, | M*r ^ . iCMMM * <W ' M MUM ^ **•• * 

• # #^#14 MM (MtfM *J - H0% MM- MM 

i i •* • > f ti M I ^ 

* ♦ «» MM «Nl »t«« # # fin %A ^ • ' * 

4 «l r* ♦* • 




Jt 



If in t e 'OTO of cos* <* ieuif-iicne «t- fin ‘ tu*t ■ row 



e«ju*r\ ». ..ois to sm extrene jw&isfc, *o enter fcr that 

• sfcros* ^4>int fraa left to rijbt in the open cell* of that 
row no f-w slanerty «C the carr*c;:KSOuin£ tei tha f entur* 

K«« 

of that r.- esa tbo riytet of the t -hio il Msso 

v© fin. 1 t’.—t the point r»* nraentod Ly a row lice outoidc 
tho cotwer -%.t* u© strikes thr t ro r fraa the tehle. 

Of course one assy *t art such t< table before chocking 
for red t>i sscy Ov that tbo irxtraee points found in t«* eooreo 
of the food: my oe entered ix-e. ‘lately. In this 

csoo when ccm.tiv.int is founi to ha re&wlwsi the corra~ 



Cv<3w£i% cjX^-s of the ta&I# : nd uy 



:w b “/i«& ustolodaed 



etlle In tb*t oclusa rre elr.se* f rc.r. the tibia. 

7 8. UrtsotsineiAC Vtrts* i'cirsfcas *o m*’ tarts to 

the ;rbhl«esa *>f determinism t.« ex^resss points »di^h re 
"accent* to ti* extras® feint V iven by ■• A •rticol^r 
tableau In the eerno that tisey e> r *rt Me® c. tbs cuv* 
-»»t -ith the j,ivoo extra* poiset. In vwrsi if ■ e 
lesee »n entree© point st which ? h 8 c «s»trwsnt» Mbl e* 
equalities ti*re aey be no cvirc nit extrp®* poL.t or *» 
.-aery ac <>J|) ad>.ccnt extreme points, the p.r -iioo msiaor 
of l; 3 ;: 0 ' at extrarso ; oirrin Uejiewltrc on the o® try of 



the c veivu 



t > Insed ty 8 



‘ B 



(*> 



0. 






•< 




















' r 



rcr •* 5e iC di*ou%sd.ori w ■ s - i-a ilas i.-u-.cva 

•t U.nJ feu, care t’’» Ufic vsrlLUl'ja sfcri t.«.t 

v.-*- X ** 



.a) « ... * v cj> «* o 



(T > 



* t it* >.':ntJ9 .xdttt givsn by this tabl«eu, l»o. y , » 0 

O 3 R ^ 

:?or r ** 3,...,T. ■for seats 4* X,*../.!} •'o &cy ca^jJte 



w «■ y 

Rv C*$ M 



/ y,^ « / r, ^ I y < o) 

: » f o He* Bfc’fT £ii»r 



••»* f*ur esciU a tfvv-e c.'o £•■«? ;x»sibiliila*, 
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OS,)- 1 4i 






i 12 

(AS,)' 



o ,-i 5? 



• tkJ is obtained bjr parforr-iae ro« eporrtiom rn tlx? rewo cX 
tho first rvtrlx »3 lndic?i®d to tho right of a^ch rcw, 

( 1 ) 




i/ - CD «■ (U) + (12) 

( 2 ) * ( 2 ) - ( 11 ) - ( 12 ) 

(3) » (3) + (11) 

( 4 ) * ( 4 ) 

(5) c (5) 

(C«) » (6) - (11) - (12) 

( 7 ) * (?) ( 11 ) ( 12 ) 

(0) •* (0) * (12) 

(9) “ (9) - (ID - (11) 

(10) * (10) - (11) 

( 11 ) * ( 11 ) 

(1C) « (12) ^ (11) 

^ no to that ttt iiieorpcr at tin ©ixclvty cyuardnts 
into t‘ ' s ♦toe of ino. hoe illueJuvcis? 3 *• radm- 
deneics, For ojsrjiUi (4) -nd ( 5 ) 1. ,>3c, r (2) a* (0) *cdlo 
( 5 ) -ix; ( 9 ) *ro X-C.’i Thcrafor© *o c?~ xLoe-:*C Con- 
ors' -it© ( 2 ), (3) ■■ ( 9 ), ro’a-Mr-irr >. 1 - . .•ccct2 , .«3y« 
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hot u© Win i* 2y itv-CfU on t’:« ’os'? .1 4 «;t3Ci*d«re to nrwii 

"V other ; •l4&>. > ncio$« 

■'ll S. roo»&»© «C .action Ills *4p foam oar initicl tdb&wsi 



* "*'* ^ * *> **<£• * #- '“Wi 



- /cvo vitls k^ ccrroo^oorriioj to row 1, U 



to re*? 3, fc_ to r>-* i, Is,. to row 5, fc„ to its/ 6, k, to rew 7, 
3 «* 5 u 

- xl ^ t' row 10, 



‘ u 7ei 7JbSLo<ru 
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,bto t./ 4 t tae viH not «*r*y tie sen? ra^sr* .-X. wij? 
vh-o t* ‘Irxsjc c&tkou*h it:. „•( •■ -o«ncc iw to - an Uwxh 
• *- Jtx.xle/ c:*itorion for the •* rt*x* > - A _ ixk : a. . \c ■. Ijq 
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to obt in 1 1* ooc .n 

'j«cond T*bi©«u 




Operations on rot':: 'Irsi t* 

(0) ■* (0) + 100 (3) (1) * <1> - (3) 

(2) * (2) - 2 O) (3) • (3) 

(4) - (4) * loo + d ] (3) 



~k> note thnt tbs l*at row of the cc-Iumk corroafcwitat to 
artificial variables Is irrelevant £or ©tar lArvoaeo ^ jr-cr 
to til* ©rricd whenever convenient j *> trill do this cr c-ch 
ertiTiciftl variable »s it la I'oaovfd frcn tiro bo La. 'lisa 
sinploic criteria* for the perturbed *• robins? dictut.'-s thit 
Kj revise© 3*» u* © basic variable. c - .rforc the inulr-tod 

{ iw 

trsnsfoin •titsfi to obtain tho tldr' table va. 
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TnirJ Trbloats 




$ptr~tiorsa on rows of seeorrt ±rbZ.sro. 

(o) * (0) 33.3 (3) U) * U) ~ O) 

(2) - .33 (2) (3) * (3) > .33 (2) 

(4) * (4) + .33 [ 6' -> ioc ♦ at ] (2) 

The sterplon criterion for the perturbed j:ro41«e5 

diet tea tbrt k ranl'ce 2 as o >*.sic verf.'hle. -c 
2 i 

perfosa the tr wasforsw tion and obtain the ferarth tableau. 
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.33 0 


i 


“.6? o 





rv 


C*\ 














4 o 


Tv 

*v*% 


*3 O 


v-< 


l 


«A 

C-i 




O 


o 


o 


sy 


<ht 


rl 





Opsv'ttaaj an rc*j cf thin) fccolwu 
( 0 ) * (4 (t> - (I) 

<*> * (2) * <i) D> - D) 

(ft) ■ (ft) [ 1 Ci) 



ince ft C for r • 1 ,...,?, this t bba » r^rgxMlRi 

cn *ol«iiorj and >j» h»W estcbilK* J t?> t b 2 >€» 

is consistent. 

4® nee* utilise tie procedure of section Hi to A-tn’- 
icin© Lf tbo oat actisiyinc U ■ d > 0 is — - - ttaNi 

tbo fii'tb to&leatj • ixsltM. 
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■■I ► MHi Mill l < C < i (Ui^o . • •. -■ .j . 
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fifth 7u Hava 




Op*rr.tlan£s c® rcwcy ef fourth ts*£mu 
Oi) » &) for » * o, ... *3 

(1$) * (6) - (i) (l*et seven colu«rau. only) 

Tbe ben-vy line urr.’er t'm first row of the t-blc u is to 

twiw 1 u» that tbe first rc« is to be const iowo strc for 

pt*poue-a of cfctermlnint ur&ountto&io** ; it is carrltri In Itr 

present fam on2y in the bai-e tU t it win vrovii® «i •; :tro..o 

point evlxtli-'-rj. for tbe Rcrbaach,o»»o*3s iystem wMi#- c'.*x}Syi& 

th» consistency *»X tbe mo^eneoue ejetor . >'o • . o.. 4 -v- 

ti tiers* -re requi.ml bore beoeuee «2oe .$r in this tattle.* 

we ’.ttve irKlic»tisn» of ur&aunfad ?dutl- ?<• t:* th me. 

lina-r .jrot^re=S5inc probl*. on,! or k. end k- -i.lcv. et*n*l 

16 

that *S >0 is J®conei»t6«t „ urt!<r? on t£« .'.cl ti-it <.11 




y / /* t / ✓ .* ^ 

I t t « lb k | 

* l« • • Ml • IMttBl/ 

t •> * * b I *> f •»!«•' IM 
i l «.J. * • «.. « *— * « W. a. h + 








:f j UiSia vac tore r reuir.i to ? ;oci$? the -sector* 

cerreapM&U¥’ to k. «•?**. k r ei urXs th&i - u _L* it* to 

10 

only the trivial solution, User ofrpa the oat s^4el^d*C 
IU ♦ 3 > :;r 1. 

7X1 C. rocedur© for oction XYi « new nry c’^ck the 
various c restraint- fur r®Jor4anc,y , .'^Kturnin^ to ti» 
fourth tableau **© not© that tin© c iwtr. int ccrs , cs,.XKiJins 
to k^ 8afciafS.ee the conditions of Thoorac Yl, It ts there- 



fore r@daB3d-iTt *nril —jy be discorded. fter disc .rdiiijjj this 
constraint, ■■*& aefce tbet the c notreinie cwrrvepanrJti; to 



kg, kj., and k^ smfcisiy the conditions il. .arm fill. 
Therefore none of tUs© aro rrkc*k».ttfc. 



To cheek t!sc conetm&nt corro^xjfi-iiec- to k_ "car -odun- 

3 



daoey w© bc'in ep^lyirs^- i u ® du-i shrplo. i -critlu to ui© 
fourth tableeti (lose t!<e celtrcn of k, } eeirv the coixnn at 

«v 



k as the roquinm-ent vector, Je '■'elect k to bo ro.ine»d 

3 2 

ierfcacBing ti» trsjnefcitisilon yields the siwtU 



tableau t 







Operations; on UN* t of the fourth t- 

( 0 ) - Co) - ic.?(l) { 1 ) « -.5U) 

(2) * (£) ~ (3) » D) - .33(1) 

(b » (i [ .7 - . 7<i ] (a; 

In tfcJb tabionu %fo bovo tie coalition tJl&ch by theosva 1- 
^wrtiflAs our dircarling tho const tt Infc cmmaai enalng to 
m rodurUant . ith tide Cilu^n r\ j-cwod, ~Q not- ibefc 
the oemtr^infcs eerro^jandlitR to k_, k*„ •■rd in pc-rticnslrr 
kr sr.tinfgT the ccrslitlom of ■\<»or»«r. -.IX. Therefore 'Xtfxs 
of thess. are rodond&nt. 

To ebeek the comir it t corr-sr.'o^ijx: to k for r»*di 2 >* 

1 

dcricy -r* f.pljr the dual sia^Iax • -,.,oritisa to si-Jtt. 

(loo® the colaosn of k,,) x»fet£ t'je ooSLue .n of ic 
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:*e juirvj, vector. e ml-ct k r to bo t 4 . 1 co' Ly k 0 . Ti» 
t rone ior* * t ion rmnalty in tb? ,«t vontte t^llv n. 



: ©vunth Xi 




Qj&r-i£<x& on r<stfR i>£ &i:;tb iob^c »u 

(o) » (.,} 50 o: a. » (a: - 1.5 e> 

(2) * (2) - 2.5 <3> (3) - - > D> 

<• (ft) - [ 5 i - 3 d]C 3 ) 



In tiii* tchler-u '••* 1 . r 



.ul ficlont c 



in c*j»! 



constraint ccriu to b* on mionkint. 

VII \ Yoeecfure for action V j • turn vMfftr ic tlac A r©~ 
oounrc. lor crtwa^tir.j «,. tro- ^ivrto* .. “,i c-./.at“ucrtiM^ 
t'bls> itb * ft colvwra It Air tb « -> o awlrrllntj 

and (.,} * L) ~ ** rows* « then *£n* V.ss c trve .-oIaA 

** J 

solutions idrcadfer • itch ere void (v ^ 4 v £ , v f v^, v^). 
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— f — 
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33.3 


56 ,? 


* jueth 


5 e 
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l/ 1 * 
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30 
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c.vcnth 
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j?- .3 


n ^ 




t the 


Wi K 


ti or : 


•x v .sea . v 


ritb tt» 




:. v-M'-vo < *x 



1, Tt» •j^cor.t * straw ^int ftxni by r-plrclac l 

ij 

mo £cr which t’i« c ■nrtr->inti 4_-;,oci tod **ith L ., k, and 

5 6 

hold rjs oqtraliiies. fhic ;x*A«i r~3 owfcito.:! Ln two 
oi.vth t'-blec.u. 



2. The adjneerjt erstrano ocitrt feus*! by ro-,^cin w is 

j 

one .for v\X«h tt w ecnotraint-s with fe„, k>, 

* * w 

and k„ bead as o^u&lltles. This point 4« o i J in 
/ 

the seventh tableau. 

3, The ffld^ • cant ertrano jioint fours! I b rdPJiiA- 1 ^>-j «w 

/ 

on© for which ti» oomtrairrtc *s#oci*\. 4 with k.,, k « v xl 

— 2 

k. hold as o< t a~-liti 0 S. Itats yol«t l>ac not »«t boon 

6 

obt&tood. 



to obi. in this 2^st point * r% l>ce by 
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infer, xiion ni i;jo IstJt :t» cf iJso t*fcdL.o*u -ro ►«©! 
for ■'■ points . Tb- «• Cxrcxsx 
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sections of the tableau. The transfers. tion c rri*J vut on 
t'«. fourth tableau lees the columns of k^, k^, urd V u proJvecs 
the eighth tableau t 

T -$4kth Tableau 




' ie no^ •,& enter this SKtr»€ point solution Ln the appropriate 
vwf of the t'-blo. 1 inee this account a for ell the cmblnctiosw 
of faux* constraints tr- on three at & time, it is not neoeretxy 
to Jetoraim the ad 3 ." cent e.treia® points for tableaus dx, 
seven, and eight . 

VII I. ’roceduro of .'cot ion VI $ Suppose that va ivxt •/ish 
to restrict the convex sot mein strin ently by roepurinj, 

.10? v - .01 6 v - . 1 # v«, - 3.53 * 0 

C O A 

Following the procedure of section VI i:a first _ona tb© vector 
(*5 : 3/ « (-3.53, -.1#, -.016, .107) 
incoipor* tc this Jditionol coasts* ,int into tl*- seventh 
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om „or wish o h. ve a^ r rowj <va*,t 3 * 32 y- 
*• xroleh is the teck UctrLe its tnc columns 



of k 0 . 
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1 >( * 30 \ 

0 -.5 ~»S 

c 1 »i .5 -.5 

\0 1 -2 0 / 
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c^ijr&nr; to t'.so now c^jtraJjet we net <• a new 

colii’ti to the seventh t*bl«**u (loss ths cc-Iuskti of It ) to 

1 

obt'in the ninth t-blesu. 



'iinth Tebliean 




kfter ccr^?stin3 the last entry in tic coluwn of k , *3 

v / « * 
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c*n cotvcluie that the nes constr »int hsa net lntr^ncou »n 
inccneistorcy 3 «o».’v»e ti*o UnBsr ^ro^xzrc^-.K tilt 7 
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conditions r.ro satisfied. Tic now co.was: jwt 



uni bo bounded 



bM*ue« tie orbijfnei w*t wj. “* still do not knew it the nou 



c wtraini has? eetu- Xly rent dieted the con .see .sot —o,« strin- 
»rrfcly; it «s$r be raduB-tant. 0& the other hand its inclusion 
rsagr have v*nkvem s:.«ne of the origin..,! const r lints reaua&nt. 
Clsr.riy the «• »t tr inis Ci.rr* , ondir,* to k 0 , k^, nd iv, aso 
not vedurctant oocauoo they satisfy tb? eccsliticax of di&oraK 
VIII in the ninth tableau. Tb -refer only th© CiTjstrtint 
corr».3;,<x*Jinc to k K could here boon -swede r.V.cs»i«a?t- by tbo 
a lit t ion of the new constraint. kt vn& dj&ek this ‘'xjawtbility 



by applying the dwl claplas. alipcriti'sa to tie ninth irblenu 



itoinp tb® eoltrm of k e» re.iuir«w«rifc vector *« select 

5 

k, to be re, deerei t|r anti v .«rJ?o«ft Mw t ir- ns foawetien to 

* o 

obtain the tenth tJUeXeeu. 



Tenth Tfbloew 




<o) * U) * #.95 (3) U> - (!) -oS9 (?) 

(2) •* (1) - 1.44 (3) O) * -?.«4 (3) 

<**) * (4) + [6.95 - iCd ] (3) 
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’ fe bctvo ;xt t • ect -bils'i tbo re anu or non p* ■ ualaoey 

of tt*o <ww»tr*JjA c ua www t. otv'-inf to k, *n this tJue.-tt. 'mother 

5 

use of the durd cl^orltlxa ;'«x?uc©3 tbo elovontU itoleau 

£o£*-ut«ich ko h-va iHipIoooci k^ a© 1 buoic variable. 

event fe Tp&loou 




Oporstlojss on n .3 o€ tenth t-i>2«au 
(0) » (0) * 2*,i (i) (1) * - „3c& (i) 

< 2 ) * ( 2 ) - 4 . 3 ? ( 1 ) D) * O) - 22.0 ( 1 ) 

( 4 ) * < 4 ; 4 [ 21 , i - 3 C .4 d ] (2) 

In tl*ls tableau ve h-ve . *t Misted t* t tl* evtti’ int 
correo^'-ont'Jinj.; to fc*. is r*'und -it uHUe the wr- c- -jartiv hit is 
not roiwB^-st-. 

locrose .••<0 *rt* l*it -itU lour tV rbMar* of 



r 4 ^oei.'yir^, esrtr* -*• Is the tta ■ pa !«■ cnco^r- orod 




ft * tt? 









* t.t :ti- »Mt t I ».w r.« 1 'J 
* I O f/ »«i« » 







(J» Ml • It) - lO 



earlier . 



« rojsu a table and erst nr tb® cerate point ablution 

already obt "inod. ihaao «re reed in the ta-ol® (v„, v , v r v,, v ). 

^ G a v. D 




be obtained arc* the ninth t-blosu (less the colira of k.) ‘up ? 

5 

replacing k^ with k^ ns s br.sie variable . 11 .is r*pl&c<Evant 

leads to the twelfth tableau. 
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-5.04 7.56 
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0 -5.o4 1 
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-.652 


-.304 0 


.303 


-•955 


.343 


1 


0 -.656 0 



Operations on raws of ninth tableau 
(0) » (0) 4- 4.04 (2) 

<15 * (1) - ,229 <2) 

(2) « - 5.04 (2) 

O) * (3) - .696 (2) 



t‘9 Juey new ecsvl ate our lint of t 
set by ©uterine the ei-tmes . olrrt 
in the second row of the table. 



he orctrauo joints of this convex 
solution iron the t -slfth tsble-u 
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